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Abstract 

This paper introduces a novel technique that enables access by a cognitive secondary user (SU) 
to a spectrum occupied by an incumbent primary user (PU) that employs Type-I Hybrid ARQ. The 
technique allows the SU to perform selective retransmissions of SU data packets that have not been 
successfully decoded in the previous attempts. The temporal redundancy introduced by the PU ARQ 
protocol and by the selective retransmission process of the SU can be exploited by the SU receiver to 
perform interference cancellation (IC) over multiple transmission slots, thus creating a "clean" channel 
for the decoding of the concurrent SU or PU packets. The chain decoding technique is initiated by a 
successful decoding operation of a SU or PU packet and proceeds by an iterative application of IC in 
order to decode the buffered signals that represent packets that could not be decoded before. Based on 
this scheme, an optimal policy is designed that maximizes the SU throughput under a constraint on 
the average long-term PU performance. The optimality of the chain decoding protocol is proved, which 
determines which packet the SU should send at a given time. Moreover, a decoupling principle is proved, 
which establishes the optimality of decoupling the secondary access strategy from the chain decoding 
protocol. Specifically, ^rif, the SU access policy, optimized via dynamic programming, specifies whether 
the SU should access the channel or not, based on a compact state representation of the protocol; and 
second, the chain decoding protocol embeds four basic rules that are used to determine which packet 
should be transmitted by the SU. Chain decoding provably yields the maximum improvement that can 
be achieved by any scheme under our assumptions, and thus it is the ultimate scheme, which completely 
closes the gap between previous schemes and optimality. 

Index Terms 

Cognitive radios, resource allocation, Markov decision processes, ARQ, interference cancellation 
This paper was presented in part at the Information Theory and Applications Workshop (ITA), 2013 |l|. 
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I. Introduction 

The recent proliferation of mobile devices has been exponential in number as well as hetero¬ 
geneity g. As mobile data traffic is expected to grow 13-fold, and machine-to-machine traffic 
will experience a 24-fold increase from 2012 to 2017 Q, tools for the design and optimization 
of agile wireless networks are of significant interest Q. Furthermore, network design needs to 
explicitly consider the resource constraints typical of wireless systems. Cognitive radio (CR) Q 
is a novel paradigm to improve the spectral efficiency of wireless networks, by enabling the 
coexistence of primary users (PUs) and secondary users (SUs) in the same spectrum. SUs are 
smart wireless terminals that collect side information about nearby PUs (e.g., activity, channel 
conditions, protocols employed, packets exchanged), and exploit this information to adapt their 
operation in order to opportunistically access the wireless channel while generating bounded 
interference to the PUs @“[|ZJ- 

In the underlay cognitive radio paradigm Q, the PU is a legacy system, oblivious to the 
presence of the SU, which in turn operates concurrently with the PU and needs to satisfy given 
constraints on the performance loss caused to the PU. In this paper, within this framework, we 
propose a mechanism, termed chain decoding (CD), which exploits the automatic retransmission 
request (ARQ) protocol implemented by the PU. In fact, the PU ARQ mechanism results in 
replicas of the PU packet transmitted over subsequent slots. This effectively creates redundancy 
in the channel, which can be leveraged by the SU to implement interference cancellation 
(IC) techniques and boost its own throughput, or alternatively, achieve a target throughput 
with fewer transmissions and less interference to the PU. Our proposed mechanism leverages 
opportunistic retransmissions performed by the SU to improve the spectrum efficiency, and a 
buffering mechanism at the SU receiver. Consider, for instance, the following example, depicted 
in Fig. 

Example 1. The PU transmits PI in slot 1, the transmission is unsuccessful and thus a retrans¬ 
mission occurs in slot 2. This retransmission is successful, and thus PU remains idle in slot 
3, waiting for new data to transmit. On the other hand, the SU transmits SI and S2 in slots 1 
and 2, respectively, but these transmissions are not successful. The SU retransmits S2 in slot 
3, and successfully decodes it, taking advantage of the fact that the PU is idle in slot 3. Chain 
decoding now starts: the interference of S2 is removed from slot 2, and thus the SU can recover 
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Fig. 1: Example of chain decoding. 


PI; finally, the interference of PI is removed from slot 1, and thus the SU can recover SI. 
That is, IC is applied in chain, as SU and PU packets become decodable and their interference 
is removed. This gain would not possible if the SU did not apply a clever retransmission and 
buffering mechanism (specifically, retransmission of S2 in slot 3, and buffering of the signals 
received in slots 1 and 2). □ 

More in general, a successful retransmission of a SU packet may be exploited to perform IC 
in the previous transmission attempt of the same packet, thus potentially enabling the decoding 
of the interfering PU packet. In turn, knowledge of the PU packet released via IC may be 
exploited to perform IC in the corresponding ARQ retransmission window of the same packet, 
thus potentially enabling the decoding of previously failed SU transmission attempts, and so 
on. Overall, the decoding of a SU packet releases the decoding of the interfering PU packet, 
which in turn releases the decoding of the SU packets transmitted over the corresponding ARQ 
window, and so on, hence the name chain decoding. 

Chain decoding opens up intriguing questions. Which signals should be buffered? Which 
packet is optimal to be transmitted at a given time instant? Due to the number of possibilities 
for secondary access by the SU (remain idle, transmit a new data packet, or retransmit some 
previous data packet), and to the potentially large number of corrupted packets buffered at the 
SU receiver, the description of the CD scheme may require a very large and possibly unbounded 
number of states, resulting in prohibitive complexity. Indeed, a secondary transmission protocol 
consists of two decisions: (1) secondary access scheme: determining whether the SU should 
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transmit or stay idle and (2) packet selection: which packet should be sent if a transmission is 
made. In general, these two decisions should be made jointly; however, we will show that it is 
optimal to apply a decoupling principle and separate the decisions, which leads to a simplified 
protocol specification. In particular, the CD protocol specifies which packet is transmitted by the 
SU based on four basic rules (Theorem [^, whereas the secondary access scheme determines 
whether the SU should remain idle or transmit at any given time, depending on the state of the 
CD protocol. Under the CD protocol, we show that the SU throughput admits a closed-form 
expression and achieves the upper bound (Theorem and [^, obtained under the genie-aided 
case where the transmission sequence of the SU is generated with non-causal information on the 
channel state and on the PU transmission sequence. Moreover, we prove that this CD protocol 
defines a compact state space representation of the system, which is amenable to numerical 
optimization of the SU access policy via dynamic programming (Theorem Q. Based on this 
compact state space representation, we model the state evolution of the CD protocol as a Markov 
decision process Q, p0| |, induced by the specific access policy used by the SU, which determines 
its access probability in each state of the network. As an application of the proposed CD scheme, 
we study the problem of designing optimal secondary access policies that maximize the average 
long-term SU throughput, while causing a bounded average long-term throughput loss to the 
PU. 

There is significant prior work on CR; here, we focus on the literature that is most relevant 
to our current problem framework. The work in pT| explores the benefits of decoding the PU 
packet at the SU receiver to enable IC. However, no ARQ is assumed. The idea of exploiting 


the primary ARQ process to perform IC on future packets was proposed by [I2|. Therein, the 
PU employs hybrid ARQ with incremental redundancy and the ARQ mechanism is limited to 
at most one retransmission. The SU receiver exploits the knowledge of the PU packet, possibly 
acquired in the first primary transmission attempt, to enable IC in case of retransmission, thus 


enhancing its own throughput. In [I3|, a technique is proposed to exploit the knowledge of the 
current PU packet collected at the SU receiver to perform IC within the corresponding primary 
ARQ window where PU transmissions occur. In particular. Forward IC (FIC) enables IC in the 
subsequent slots corresponding to primary retransmission attempts, if these occur. Moreover, 
previously failed secondary transmission attempts may be recovered by using Backward IC 
(BIC) on the corresponding buffered received signals. In this work, we further extend these 
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ideas, by allowing the SU to opportunistieally perform retransmissions of previously failed SU 
transmission attempts, so as to introduee redundaney in the seeondary ehannel as well, whieh 
may then be exploited to enable IC across different ARQ windows, with the overall effeet of 
improving the seeondary throughput via CD. 

Paper 0 investigates the interaetion between the ARQ protoeol of the PU and the aeeess 
seheme of the SU, but does not exploit the temporal redundaney of ARQ to enable IC. Paper 
p3| devises an opportunistie sharing seheme with ehannel probing based on the ARQ feedbaek 
from the PU reeeiver. Compared to p^ , where the SU transmitter has non-eausal knowledge 
of the PU paeket, in our work we explieitly model the dynamie aequisition of the PU paeket at 
the SU reeeiver, whieh enables IC. In this paper, we assume that the retransmission state of the 
PU is known at the SU pair, by overhearing the ARQ feedbaek from the PU reeeiver. The ease 
where the speetrum oeeupaney is unknown ean be analyzed using tools developed in pT|-p^, 
where the state of the PU network is inferred via distributed speetrum sensing. 

This paper is organized as follows. In See. we introduee the system model. In See. 


we 


deseribe the CD teehnique implemented by the SU pair. In See. we present the optimization 
problem. In See. |V| we present the four rules of the CD protoeol and prove their optimality. 


followed by the deseription of the eompaet state spaee representation of the protoeol in See. VI 


In See. VII[ we present some numerieal results. Finally, in See. VIII we eonelude the paper. 
The proofs of the analytieal results are provided in the Appendix. 


II. System Model 

We eonsider a two-user interferenee network, depleted in Fig. where a primary and a 
seeondary transmitter, denoted by PUtx and SUtx, respeetively, transmit to their reeeivers, PUrx 
and SUrx, over the direet links PUtx—>PUrx and SUtx—j-SUrx. Their transmissions generate 
mutual interferenee over the links PUtx—)-SUrx and SUtx—7-PUrx. 

Time is divided into slots of fixed duration A. Eaeh slot matehes the length of the PU and 
SU paekets, and the transmissions of the PU and SU are assumed to be perfeetly synehronized. 
We adopt the bloek-fading ehannel model, i.e., the ehannel gains are eonstant within eaeh slot 
duration but varies aeross different slots. Assuming that the SU and the PU transmit with eonstant 
power Pg and Pp, respeetively, and that zero mean Gaussian noise with unit varianee is added 
at the reeeivers, we define the signal to noise ratios (SNR) in slot n of the links SUtx—)-SUrx, 
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PUtx^-PUrx, SUtx^-PUrx and PUtx^-SUrx, as 7 s(n,), 'yp{n), 7 sp(n-) and 'yps{n), respeetively. 
We model the joint SNR proeess {( 7 p(n.), 75 ( 77 ,)), n > 0}, where 'yp{n) = ( 7 ^( 77 ), 75 ^( 77 )) and 
75(77-) = (75(77), 7ps(77)), as i.i.d. over time, with probability distribution P-^(75,7p), so that the 
links may be spatially eorrelated. The following analysis ean be extended to the ease where the 
SNR proeess is stationary ergodie with finite first and seeond order moments. 

The SU and PU employ a paeket based system, where eaeh paeket eonsists of a fixed number 
of bits Ns and Np, eorresponding to fixed transmission rates Rg and Rp bits/s/Hz, respeetively. 
Both deviees may transmit or remain idle in eaeh slot. We denote the aeeess deeision of the SU 
and PU in slot 77 as as,n £ {0,1} and ap^n £ {0,1}, respeetively, where as,n = 1 (ap,n = 1) if 
the SU (PU) aeeesses the ehannel in slot n, and 05 ,^ = 0 (ap„ = 0) if it deeides to remain idle. 
The aeeess deeisions are made independently by the SU and PU aeeording to aeeess polieies 
and /ip, respeetively, introdueed in Sees. |II-B] and |II-A] respeetively. 

No ehannel state information (CSI) is available at the transmitters, so that the latter ean- 
not adjust their transmission rates or power levels based on the instantaneous link quality 
( 7 p( 77 ), 75 ( 77 )). Additionally, the simultaneous transmissions of the PU and SU generate mutual 
interferenee at the respeetive reeeivers. Thus, transmissions may undergo outage if the transmis¬ 
sion rate is not supported by the eurrent ehannel quality. 

We now introduee the models for the PU and SU systems. 
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A. PU system 


Herein, we deseribe the model for the PU system, whieh speeifies the deeoding outeomes at 
PUrx as a funetion of the aetivity of the SU pair, the ARQ seheme, the paeket labeling and 
buffering, the deseription of the internal state of the PU, the PU aeeess seheme and the internal 
PU state evolution. 

1) Decoding outcome at PUrx: Due to the interferenee generated by SUtx to PUrx, the 
outeome of the PU transmission (failure or sueeess) depends on the SU aeeess deeision as,n £ 
{0,1}. Additionally, the PU pair is oblivious to the aetivity of the SU pair, so that it treats the 
interfering signal as noise. Therefore, the transmission of the PU in slot n is sueeessful if and 
only if 7 p(n) G rp(a 5 ,n), where 


rp(a5,„) = < 7 p : < U 


Ip 


( 1 ) 


, 1 T ®S,n7sp 

In Q and hereafter, we have assumed the use of Gaussian signaling and capacity-aehieving 
eoding with suffieiently long eodewords, and we have defined C{x) = log 2 (l + x) as the 


(normalized) eapaeity of the Gaussian ehannel with SNR x at the reeeiver [20|. 


2) ARQ scheme: In order to improve reliability, the PU employs Type-I HARQ [211 with 
deadline i?max > 1, i-S-, at most i?max transmissions of the same PU paeket ean be performed, 
after whieh the paeket is disearded and a new transmission may be performed. To this end, the 
PU receiver, at the end of slot n, feeds back the packet |/p„ G {ACK, NACK} to inform the 
PU transmitter of the transmission outcome, where yp^n = ACK (respectively, yp^n = NACK) 
indicates that the PU transmission was successful (unsuccessful) in slot n. If the PU remains 
idle in slot n, then the PU receiver remains idle and yp^n = 0. We assume that the feedback 
packet 7/p„ is received with no error by both PUtx and the SU pair. We define the primary 
ARQ state tp^n £ N(0, — 1)[^ as the number of retransmission attempts for the current 

PU packet, and the ARQ delay dp^n ^ N(0, D ma v — 1), with i^max > -Rmax, as the number of 
slots since the current packet was transmitted for the first time, where i^max is the maximum 
tolerable delay for the PU packets. Namely, if a PU packet is transmitted for the first time in 
slot n, then tp^^ = 0 and dp^n = 0; the counter tp^n is increased by one unit at each ARQ 
retransmission, and dp^n is increased by one unit in each slot, until either the ARQ deadline 


'We define N(no, ni) — {t ^ N,no < t < ni} for no < ni £ N 
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-Rmax is reached when = -Rmax — 1 and = 1 {i.e., the (-Rmax — l)th retransmission 
attempt is performed), or the maximum tolerable delay -Dmax is reached when (ip„ = -Dmax — 1 - 
If, in slot n, either the ARQ deadline -Rmax is reached {tp^n = -Rmax — 1 and ap^n = 1), or the 
delay deadline -Dmax is reached (dp^n = Dmax — 1 ), the packet is, possibly, retransmitted in slot 
n and then dropped at the end of the slot, irrespective of the transmission outcome. In case of 
no active session, we let tp^n = dp^n = 0. We let I'pij), j > 0 be the slot index corresponding 
to the beginning of the jth primary ARQ cycle; mathematically, ^'p(O) = 0 and, for j > 0 , 
z/p(j) = min{n : fp,„ = 0, dp^n = 0, as,n = l,n> up{j - 1)}. For i>p{j) <n < up{j + 1), the 
ARQ delay can thus be expressed as dp^n = n — z^pQ). 

3) PU packet labeling: Without loss of generality, each PU packet is univocally labeled with 
the slot-index when it was transmitted for the first time, i.e., if the current PU packet is transmitted 
for the first time in slot n (so that tp^n = 0 ), such packet is assigned the label Ip^n = npj^ which 
is used for all future retransmissions of the same packet. We let Ip^n = rzp if ap,n = 0. 

4) Packet buffering: The packets arrive from the upper layer and are stored in a buffer of size 
Qmax > 0. Packets are served from the data queue according to a first in first out scheme. The 
packet arrival process { 6 p,n, n > 0 }, where bp^n ^ P^( 0 , D max ) for some D ma x < C) 0 , is modeled 
as an i.i.d. process, independent of the SNR process {( 7 p(n), 75 ( 71 ,)), n > 0}, with probability 
distribution Pp( 6 p). The following analysis can be extended to the case where the data arrival 
process is stationary ergodic with finite first and second order moments. We denote the state of 
the queue in slot n, i.e., the number of packets stored in the buffer including the current packet 
under transmission, as qp^n G N(0,Qmax)- The queue evolution is modeled as 

qP,n+l rnin{^p,j Opn T bp^ni Qmax}i (2) 

where op^n takes values op,„ = 1 if the transmission is successful or the packet is dropped (due 
to reaching either the ARQ or the delay deadlines); otherwise, op,„ = 0. Note that op^n = 0 
when Qpn = 0, since no packets can be transmitted from an empty queue. Additionally, if 
dp^n = Djnax “ 1 , then qp^n > 0 (since no active session exists with an empty data queue) and 
necessarily op^n = 1 , since the packet is dropped, independently of the transmission outcome; 
if dp^n < Dmax “ 1 ^ud i/p^n = 0, then ap^n = 0 and op^n = 0 since no PU transmission is 

^We use the subscripts "P" and "S" to refer to PU and SU packets, respectively. 
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performed; if dp^n < -Dmax — 1 and yp^n = ACK, then gp„ > 0, ap^n = 1, 7p,n ^ rp(l) and 
op,n = 1 since the PU transmission is successful; finally, if dp^n ^ Dyuhx 1 and yp^n — NACK, 
then qp^n > 0, ap,n = 1, 7P,n ^ rp(l) and op,„ = x(tp,n = -Rmax - 1), where x(-) denotes the 

indicator function, since the PU transmission is unsuccessful and the packet is discarded only if 

the ARQ deadline has been reached. Mathematically, we can write the expression of op^n as 

Op,n =(1 — 0‘P,n)x{dp,n = -Dmax “ ^)x{QP,n > 0) + ttp^nXilP ^ ^p{(^S,n))x{QP,n > 0) (3) 

A ®P,n[l- X(7P ^ ^pi.^S,n)^^Xi.QP,n A 0^XidP,n .^max l-)x(*^P,n A Dmax 1) 

+ ap,n[l - x(7P e rp(a 5 ,n))]x(gp,n > 0 )x(dp,n = U>max “ !)• 

Note that we can express op,„ as a function of (tp,n, dp,n,|/p,n), denoted as 

Op,n = 0'{tp^n,dp^n,yP,n)- (4) 

5) Internal PU state: We denote the internal state of the PU at the beginning of slot n as 

^P,n ilp^ni dp^ni Q.P,ri) 1 (5) 

where tp^n is the ARQ state, dp^n is the ARQ delay, and qp^n is the data queue size. 

6) PU access scheme: The access decision of PUtx, ap^n ^ {0,1}, is made according to the 
stationary policy /ip(sp) = P(ap,n = l|sp,n = sp), representing the probability of choosing 
action ap_„ = 1 when the internal state of the PU is Sp. Clearly, /ip(tp,n, <^p,n, 0) = 0, since 
no transmissions can be performed if the data queue is empty. This probabilistic transmission 
model is general enough to capture, e.g., back-off mechanisms implemented by the PU. 

In this paper, yp is given and is not part of our design. In fact, the PU is oblivious to the 
activity of the SU. Additionally, /ip does not fully specify higher layer specifications of the 
PU, which are hidden to the SU. Therefore, /ip describes only those features of the PU activity 
which are relevant to the SU access scheme. 

7) Internal PU state evolution: The internal state of the PU evolves over time as data packets 
arrive from the upper layer and as a function of the transmission outcome and access decisions. 

From state Sp„ = (0, 0, 0), i.e., no packets are waiting for transmission in the data queue, the 
internal state becomes Sp,j+i = (0, 0, min{6p,j, Qmax}) in the next slot, since the PU remains 
idle and op^n = 0. 
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From state Sp_„ = (0,0,gp^„) with qp^n > 0, i.e., qp^n packets are waiting for transmission in 
the data buffer, and no packet is currently under an active retransmission session, the internal 
state becomes: sp,„+i = (0, 0, min{gp,„ + &p,n, Qmax}), if ap,n = 0; sp,„+i = (0, 0, min{gp,„ - 
1 + bp^n,Qmax}), if ap,n = 1 and op^n = 1 (Ip^n = np is transmitted successfully at the first 
attempt); sp,„+i = ( 1 , l,min{gp,„ + fep,n,Qmax}), if ap,n = 1 and op,n = 0 (the transmission of 
lp,n = Up is unsuccessful, hence the ARQ state and delay are increased). 

From state Sp^„ = {tp^n, dp^n, (lp,n), with qp^n > 0 and dp^n > tp,n > 0, the internal state 
becomes: sp^„+i = ( 0 , 0 , mm{qp^ri — 1 + &p,n, Qmax}), if op,n = 1 (the transmission is successful 
or the packet is dropped); sp,„+i = (fp,„ + 1 , dp,„ + 1 , min{gp,„ + bp^n, Qmax}), if ap,n = 1 and 
op,n = 0 (the transmission is unsuccessful, but the packet is not dropped); Sp^„+i = {tp^n,dp^n + 
l,min{gp,j + &p,n,Qmax}), if ap,n = 0 and op^n = 0 (no retransmission is performed, and the 
ARQ delay deadline has not been reached yet). 

We can combine these cases and write the internal state Sp^^+i = (fp,n+i, <^p,n+i, <?p,n+i) as a 
function of Sp^^ (fp,n: ^p,n: Qp,n)^ ^p,n? ^p,n and Op^ji as 

QP,n+l ^aiin-fljp^^ Op^i ~\~ bp^^, Qmax} ) (6) 

fp,n+l (1 Op^ji^(tp^fi (lp^n')j ("7) 

dp^n+1 (1 Op^ri) [dp^ri “f ){(tp^n ^ 0) A \(tp^n 0)flp^fi] . (8) 

Since op^n is a function of sp^„ and yp^n via Q, and ap^n = x{yp,n 7 ^ 0 ), we denote the internal 
state update as 


Sp,n+1 — 4>{Sp^n,bp,n,yP,n), (9) 

where bp^n is i.i.d. over time with probability mass function PB(&p,n), and yp^n is independent 
over time, given sp„, with probability mass function 

P(2/P,n ACK|Sp,n5 (^S,n) /^p(Sp,n)P {^XpiX^) ^ rp(®S',n)) i 

P(2/p,n = NACK|sp^„, as,n) = Ap(sp,n) [1 — P (7 p(^) ^ rp(as',„))], 

P(2/P,n = 0|Sp,rn (^S,n) = 1 “ Ap(Sp,n)- (10) 
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B. SU system 

Herein, we deseribe the model for the SU system, whieh speeifies the deeoding outeomes at 
SUrx as a funetion of the aetivity of the SU and PU pairs and the knowledge of the eurrent 
PU paeket at SUrx, the feedbaek message provided by SUrx to SUtx, the buffering meehanism 
implemented at SUrx, the labeling of SU paekets, and the SU aeeess and labeling polieies. 

1) Decoding outcomes at SUrx: SUrx attempts to deeode both the PU and SU paekets. If the 
eurrent PU paeket has been deeoded at SUrx in a previous slot, its interferenee ean be removed via 
Forward Interference Cancellation (FIC), thus aehieving an interferenee free ehannel at SUrx. 
Therefore, the outeome of the SU transmission in slot n depends on the PU aeeess deeision 
o-p,n £ {0,1}, and on whether the current PU packet is known or unknown at SUrx. 

In order to implement these IC schemes, the SU pair needs to be able to track the activity 
of the PU pair (PU access decision ap^n in slot n) and the retransmission process (ARQ state 
fpn and delay These features can be inferred from the PU feedback sequence yfr^, 

overheard by the SU pair, as detailed in Lemma in Appendix Therefore the SU pair knows 
{lp,mdp^n) at the beginning of slot n, hence whether the PU will perform a retransmission or 
a new transmission in slot n. However, it does not know in advance the access decision of the 
PU (ap^n e {0,1}), due to the probabilistic access scheme /ip(sp_„) G [0,1], and the partial 
knowledge of sp„,. 

At the end of slot n, the SU pair overhears the feedback |/p^, and thus infers the value of the 
PU access decision ap^n- Based on that, SUrx attempts to decode the PU and SU packets jointly 
(if ap^n = 1) or the SU packet only (if ap_„ = 0). We now analyze the decoding outcomes at 
SUrx. 

a) Decoding outcomes at SUrx when ap^n = f PU packet unknown: We denote the current 
SU and PU packets with their labels Is and Ip, respectively. Note that SUtx, PUtx and SUrx 
form a multiple access channel p0| . Therefore, the region of achievable rates for a given channel 
quality is as depicted in Fig. We have the following possible outcomes: 

0-1 SUrx successfully decodes jointly both Is and /p; this event occurs if 75 ( 77 ,) G Ts,i{Rs, Rp), 
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Fig. 3: Decoding regions at SUrx for a given realization of ( 7 s, 7 ps). The SU and PU rate pair 
{Rs, Rp) is a fixed point in the plot. In contrast, the boundaries of the decoding regions vary as 
a function of (js,7ps), so that the decoding outcome varies randomly over time depending on 
which region {Rg, Rp) falls within. 


where 


Ts,i{Rs, Rp) ={^3 ■ Rs<C ( 7 ^), Rp<C {jps), 

Rs + Rp < C (% + 7ps)} j 

we denote the probability of this event as Sgp — IP( 7 s £ rs^i(Rs, 

0-2 SUrx successfully decodes only I3, treating Ip as background noise; however. Ip is not 
decodable, even after removing the interference from I3; this event occurs if jsin) E 
Ts^ 2 {Rs,Rp), where 

Ts^2iRs,Rp) = Its ■■ Rs <C ,Rp > C(7ps)|; 

we denote the probability of this event as 6s = P(7s G Ts^ 2 {Rs, Rp))', 

0-3 SUrx successfully decodes only Ip, treating Is as background noise; however. Is is not 
decodable, even after removing the interference from Ip; this event occurs if 75 (n) E 


^"S" denotes "decoded", with the subscript indicating whether the SU or PU packets are decoded (or both). 
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Ts, 3 {Rs,Rp), where 

Ts,3{Rs, Rp) =!^Js -Rs>C (7 .), Rp<C }; 

we denote the probability of this event as 6 p = P (75 G Ts,3{Rs, Rp))', 

0-4 both Is and Ip eannot be deeoded by SUrx, even after removing the interferenee from 
the other paeket; this event is denoted as Is Ip and oeeurs if 7 s(rt) G Ts,4{Rs, Rp), 
where 

Ts,4iRs, Rp) ={73 '■ Rs>C (%), Rp> C (7pJ} ; 

we denote the probability of this event as vq = P(7s G rs,4(Rs, -Rp ))|3 
0-5 both Is and Ip eannot be deeoded by SUrx; however, the ehannel quality is sueh 
that, after removing the interferenee from Ip, Is can be decoded, or vice versa. In 
this case, we use an arrow —)■ to indicate the decoding dependence between the two 
packets. In particular. Ip ^ Is indicates that Is can be decoded only after removing the 
interference from Ip, but Ip cannot be decoded after removing the interference from 
Is, i.e., 75 (n) G Vs, 3 {.Rs,Rp), where 

^s,5{.Rs, Rp) = |7s : C ^ <Rs<C (7s) ,Rp>C (7ps)|; 

0-6 similarly, the dual event Is —)■ Ip occurs if 7 s(n) G Tsfi{Rs, Rp), where 

Ts,g{Rs,Rp) = |7s : Rs>C{js),C <i?p<C'(7ps)}; 

0-7 finally, the event Ip ■H’ Is (knowledge of Ip enables the decoding of Is, and vice versa) 
occurs if 75 (n) G Tsj{Rs, Rp), where 

Tsj{Rs, Rp) ={'ys-Rs<C (7s) ,Rp<C (7ps), 

Rs + Rp ^ C (7s + 7ps)} j 

we denote the probability that Ip ^ Is as Vg ^ P (75 G Ts, 5 {Rs, Rp)), that Is ^ Ip as 

'’"w" denotes "undecoded", with the subscript indicating whether the SU or PU packets (or none, or both) can be decoded 
after removing the interference from the other packet. 
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Vp = P( 7 s e Tsfi{Rs, Rp)), and that Ip o Is as v^p = P (75 e TsjiRs, Rp)). 

For a given SNR 75 , for each j = 1, 2,..., 7, we denote the set of rate values (r^, r^) such that 
Is e r 5 j(r^,rp) as 

Rsjhs) = {(rs^Tp) : 75 e Ts,jirs,rp)} , ( 11 ) 

depicted in Fig. In the following treatment, for convenience, we omit the dependence of F s,j 
on (Rs^Rp). 

b) Decoding outcomes at SUrx when ap^n = 0.' If the PU remains idle, the transmission of 
the SU is successful if and only if js £ r 5 ^iUr 5 _ 2 Ur 5 _ 5 Ur 5 j, with probability 5sp+(5s+t;s+t;sp. 

c) Decoding outcomes at SUrx when ap^n = PU packet known: When the current PU 

packet is known at SUrx as a result of a previous PU retransmission of the same packet and 
successful decoding operation at SUrx, its interference can be removed from the received signal, 
thus creating a clean channel. Therefore, the outcome is the same as in the previous case where 
ap,n = 0, i.e., the transmission of the SU is successful if and only if 75 e r 54 Ur 5 ^ 2 Ur 5 ^ 5 Ur 5 ^ 7 , 
with probability dgp + 5^ + + Vgp. 

2) Decoding feedback from SUrx: Let ys,n ^ {1; • • • > 7} be the decoding outcome at SUrx, 
indicating one of the regions depicted in Fig. where ys,n = i if and only if 7 s(n) G Tsj. At 
the end of each slot, ys,n is fed back from SUrx to SUtx, and received without error by SUtx. 
We emphasize that ys,n represents a feedback that is richer than the ACK, NACK and idle, used 
by PUrx. 

3) Buffering at SUrx and chain decoding: When Ip ^ Is, Is ^ or Ip -H- Is, occurring 
with probability Vg, Vp and Vgp, respectively, SUrx buffers the corresponding received signals. In 
fact, if Ip ^ Is or Ip Is, the underlying primary ARQ process may enable the recovery of Is 
in a future slot, if /p is successfully decoded in a subsequent ARQ retransmission, by removing 
its interference from the buffered received signals. 

Similarly, if (5 —)■ Zp or Zp 0 ( 5 , the SU may also exploit retransmissions as follows. It 
may opportunistically retransmit the buffered Is, so that, in the event of a successful decoding 
operation of Z 5 in a future slot, its interference can be removed from the previously buffered 
received signal, thus recovering Ip. In turn, the recovered Zp may potentially be exploited to 
recover other SU packets from previously buffered received signals, as described above. For 
analytical tractability, we assume that SUrx is provided with an infinite buffer to store the 
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received signals. 

The process of subsequently decoding a PU or SU packet and removing its interference 
from previously buffered signals, thus enabling the decoding of other SU or PU packets, and 
so on, until no further successive IC operations are possible, is denoted as chain decoding 
(CD). We term Forward Interference Cancellation (FIC) the technique by which the current 
Ip is decoded in some slots, and its interference is removed in the following slots within its 
retransmission window, thus creating a clean channel for SU transmissions. Finally, we term 
Backward Interference Cancellation (BIC) the technique by which the current Ip is decoded in 
some slots, and its interference is removed from signals previously buffered within the current 
retransmission window. With BIC and FIC, IC is limited within the ARQ window where the 
current PU packet is transmitted, as in pA| . On the other hand, CD enables the use of IC over 
multiple stages and across multiple ARQ retransmission windows, by exploiting opportunistic 
retransmissions by the SU pair. 

4) SU packet labeling: The packets transmitted by SUtx are univocally labeled with the slot- 
index when they were first transmitted, i.e., if a new packet is transmitted in slot n, it is labeled 
as ls,n = ns, which is used for all future retransmissions of the same packet. If the SU is idle 
in slot n, we let Is^n = ns- 

5) SU access policy: The SU, at the beginning of slot n, given the PU and SU feedback 

sequences yf~Q, collected up to slot n, the SU access sequence and the SU label 
sequence Vs~q, decides whether to access the channel or remain idle, according to the access 
policy 1 / 5 , 0 ^, ^ 5 ^^, ^ 5 , 0 ^), representing the probability of choosing ag^n = 1 in slot n. 

6) SU labeling policy: Moreover, if ag^n = 1, the SU selects which packet to transmit 

according to the labeling policy representing the probability that 

the label Ig is chosen in slot n. In particular, Ig = if a new packet is transmitted, and Ig < ng 
if the packet first transmitted in slot Ig (and thus assigned label Ig) is retransmitted. 


III. Chain decoding (CD) 


In Sec. II-B3 we have explained how SUrx buffers the received signals when —)■ Ig^n, 

h,n —^ lp,n or Ip^n ^ ls,n, in ordcr to make it possible to recover these buffered packets in the 
future via CD. The decoding relationship between the SU and PU packets buffered at SUrx can be 
described by a graph, termed CD graph, with the set of undecoded SU and PU packets buffered 
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as vertices, and the decoding relationship between them as edges. For instance, if ls,n lp,n, 
and ls,n and have not been decoded yet, then ls,n and Ip^n are vertices in the CD graph, 
connected by a directed edge from ls,n to Ip^n- In the following, we describe the construction of 
the CD graph. 

Let Kp^nilp) = 1 (respectively, Ks,nils) = 1) if the PU packet (SU packet) with label Ip (Is) 
has been decoded by SUrx up to slot n (not included), as a consequence of a direct decoding 
operation or via CD, and K,p^n{lp) = 0 (Ks,nils) = 0) otherwise. Let Vp^n and Vs,n be the set of 
PU and SU packets still not decoded by SUrx up to slot n (including the potential transmission 
of a new PU or SU packet with label Ip = np or Is = ns in slot n). Mathematically, 

Vp,n = {Ip £ {Op, Ip, . . . , rip} : Kp^ri{lp) = 0 }, 

Vs.n = {h £ {Os, Is, • • • 5 ns} : Ks,n((s) = 0}. ( 12 ) 


Note that these sets may potentially include labels of packets never transmitted (e.g., if SUtx 
remains idle in slot k, then the label ks is never used for an SU packet, due to the labeling 
scheme employed). Then, the CD graph at the beginning of slot n, denoted as Qn = (Vn, A„), 
is a bipartite graph with nodes = Vp,n U Vs,n, and adjacency matrix 


Ajj — 


0 Ap^s,n 
As^P,n 0 


(13) 


where Ap^s,n £ {0, is the matrix of edge weights connecting PU packets Ip G Vp,„ 

to SU packets Is G Vs,n, and As-s.p,n ^ {0, l}l''^s',n|x|Vp,nl matrix of edge weights connecting 
SU packets Is G Vs,n to PU packets Ip G Vp,n- The edge weight Ap_,.s,n((p. Is) is set to 1 if the 
successful decoding of Ip enables the decoding of Is via IC in a previously buffered signal, and 
to 0 otherwise. Similarly, the edge weight As^p^nils^lp) is set to 1 if the successful decoding 
of Is enables the decoding of Ip via IC in a previously buffered signal, and to 0 otherwise. 
Mathematically, using the notation of Sec. II-Bla for each pair (IsJp) G Vs,n x )^p,n- 


if3/c G N(0,n— 1) : ys^k ^ {5, 7},ap^A; — as^k — — J^sJp,k — (p, then Ap^ 5 ^„(/p, ^ 5 ) — 

1; otherwise, Ap^sA^P^^s) = 0; 

if 3k G N(0,n—1) : ys,k ^ {6, 7},ap,fc = as,k = f,ls,k = (s,lp,k = (pAi^^n As^pA^sJp) = 
1 ; otherwise, As^pAh^h) = 0 . 


September 29, 2015 


DRAFT 





17 


Note that there are no edges eonneeting nodes in Vp^n to nodes in Vp,„, nor nodes in Vs,n to nodes 
in Vs,ri- In faet, in eaeh slot, at most one SU paeket and one PU paeket are transmitted, rather than 
a eombination of multiple SU and PU paekets. The paekets already deeoded at SUrx up to slot 
n are not ineluded in the graph. In faet, sinee their interferenee has been already removed, they 
no longer take part in the CD proeess. Those paekets never transmitted are isolated nodes in the 
graph, having neither ineoming nor outgoing edges. The CD graph Qn eaptures all information 
about the state of the buffer at SUrx, sinee it represents the deeoding relationship between the 
SU and PU paekets transmitted so far. 

A. CD graph evolution and instantaneous SU throughput analysis 

In this seetion, we deseribe the eonstruetion of the CD graph, and we analyze the instantaneous 
SU throughput aeerued via CD. We let rs^n be the instantaneous SU throughput in slot n, i.e., 
the number of SU paekets deeoded by SUrx in slot n. 

At the beginning of slot 0, no paekets have been transmitted, and thus Vp,o = Vs,o = {0}, 
Ap^sfi = A^^p^o = 0, thus defining the CD graph Qq = (Vq, Aq) via ( [T^ and ( [T3| ). 

The evolution of Qn over time depends on the outeome at the end of slot n and on whieh paek¬ 
ets are transmitted in slot n by PUtx and SUtx, denoted by their labels Ip^n G {Op, Ip,..., ? 7 ,p} 
and Is^n £ '^s,n- Note that the set of SU paekets {O 5 , 15 ,..., ns}\Vs,n are those already deeoded 
by SUrx, and therefore are not retransmitted by SUtx. On the other hand, PUtx may retransmit 
a PU paeket already deeoded by SUrx, if sueh paeket has not been deeoded by PUrx yet. We 
have different eases, analyzed herein. 

1) Case ap^n = 0, as,n = 0.‘ In this ease, both SUtx and PUtx remain idle in slot n and no 
paekets are deeoded by SUrx, so that rs,n = 0, Kp^n+iiip) = VZp and Ks,n+i{is) = 

Ks,n{h)^'^ls- In the next slot, we thus have 

Vp,n+1 = Vp^n U (n + 1}, 

Vs,n +1 = '^S,n U {n + 1}. (14) 
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The sub-matrices A 


P^S,n-\-l 


and A 


S—^P,n+l 


of the adjacency matrix A„+i are given by 


^P^S'jn+l — 


A 


S—>-P,n+l 


^P^S,n 0 

0 0 

^S^P,n 0 

0 0 


(15) 


( 16 ) 


Note that Ap^s,n+i (respectively, As^p,n+i) is obtained from Ap^s,n (As^p,n) by adding a 
row and a column of zeros, corresponding to the inclusion of the new (untransmitted) SU and 
PU packets with label n + 1. 

2) Case ap^n = 0, as,n = l-‘ In this case, PUtx remains idle and SUtx transmits the packet 
with label ls,n (if ls,n = ns, it is the first transmission attempt). We distinguish the two cases 
ys,n e {3,4, 6} and ys,n e {1, 2, 5, 7}. 

If ys,n £ {3,4,6}, then ls,n cannot be successfully decoded by SUrx, so that rs,n = 0. The 


updates of Gn+i, np^n+i and Ks,n+i are the same as in Sec. III-Al 


On the other hand, if ys,n G (1,2,5, 7}, then ls,n is successfully decoded by SUrx and the 
CD technique is initiated. It works as follows: starting from node ls,n, SU and PU packets, 
previously buffered at SUrx, are decoded subsequently via CD, following the direction of the 
edges in the graph. Mathematically, letting es{ls,n) be a row vector of zeros, except at the position 
corresponding to packet ls,n in the adjacency matrix A„ (a similar definition applies to ep{lp) 
for a PU packet Ip G Vp,n), after one step of CD the packets recovered are those corresponding 
to the non-zero elements of the vector es{ls,n)An, i-e., {Ip G Vp^n ■ [■^s^p,n\isn,ip = !}■ The 
procedure is applied again to each packet recovered, so that the PU and SU packets recovered at 
the kth iteration of CD are those corresponding to the non-zero entries of the vector es{ls,n)A^, 
i.e., {Is G Vs,n '■ ^sGs,n)A^es{lsY > 1} U {Ip G Vp^n '■ ^s{h,n)A^ep{lpY' > 1}. Therefore, 
after i iterations of CD, the PU and SU packets recovered are those corresponding to the non-zero 
elements of 


(d 

Vs'n = 


^s{ls,n)X ( > 0 I ) 


(17) 


, fc =0 


where the indicator function of vectors is applied entry-wise. In fact, the PU and SU packets 
recovered are those corresponding to the non-zero entries of es{ls,n)A^, for each /c = 0,1 ,..., T 
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The inclusion of A° = I in ( [T7| ) guarantees that also the SU packet Is^n which initiates CD is 
counted in the throughput accrual. This procedure is repeated until no more packets can be 
decoded, i.e., Overall, when CD is initiated from Ig^n ^ Vs,n after a successful 

decoding operation of ls,n-, the PU and SU packets recovered after termination of CD are those 
corresponding to the non-zero elements of 


^*sGs,n] Gn) = lim = lim x ( es(/s,n) ^ A^ > 0 ] 

\ k=0 / 

(18) 

This limit exists, since the argument within the function x(') in (18) is 

decreasing entries (in the iteration index i), and 0 < x(') < 1- 

Therefore, we have that 

a vector with non- 

f^P,n+lGp) = Vg(/5,n; ^n)ep(/p)^, V/p G Vp^^, 

(19) 

f^S,n+l{ls) = ^*sGs,n',Gn)GsGs)^ yh ^ 

( 20 ) 


where we have used the fact that v*s{ls,n',Gn)Gxilx)'^, X e {5, P} equals one if and only if 
packet lx has been decoded by the end of the CD scheme. 

Definition 1. Given Gn, we define the CD potential of node ls,n ^ Vs,n, vs{ls,n]Gn), as the 
number of SU packets that can be decoded by initiating CD from the SU packet „ (including 
ls,n itself). Mathematically, 

Vsi}s,n]Gn) =^*si}s,n]Gn) ^ ^sG'sY'- ( 21 ) 


With this definition, the instantaneous SU throughput accrued in slot n is given by = 
vsGs,n'iGn), which includes packet Ig^n itself. In the next slot, the CD graph becomes Gn+i = 
(Vn+i, A„+i), obtained by pruning from Gn the nodes and the edges corresponding to those PU 
and SU packets recovered via CD, and adding the new unconnected SU packet (n + 1)5 and 
PU packet (n + l)p. 

3) Case ap^n = 1, lp,n G Vp,^, as,n = 0.- In this case, PUtx transmits a PU packet still 
undecoded by SUrx and SUtx remains idle. We distinguish the two cases ys,n G {2,4,5} and 
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ys,n e {1,3, 6 ,7}. 

If ys,n e {2,4,5}, then Ip^n cannot be successfully decoded by SUrx, so that rs,n = 0. The 


updates of Gn+i, «^p,n+i and Ks^n+i are the same as in Sec. III-Al 


On the other hand, if ys,n ^ {1, 3, 6 , 7}, then is successfully decoded by SUrx and CD is 


initiated. Similarly to the case analyzed in Sec. III-A2, the PU and SU packets recovered after 
termination of CD are those corresponding to the non-zero elements of 


Vp(/p,„; Gn) = lim X ( Gp{lp,n) V] A^ > 0 ) . 


( 22 ) 


k=0 


Therefore, we have that 


K-P,n+l{lp) — Vp(/p,n; ^n)ep(/p)^, V/p G Vp,„, 
I^S,n+lGs) = Vp(/p,n; V/5 G Vs,n- 


(23) 

(24) 


Definition 2. Given Gn, we define the CD potential of node Zp,„ G Vp,n, vp{lpn]Gn), as 
the number of SU packets that can be decoded by initiating CD from the PU packet /p„. 
Mathematically, 


Vpilp^nlGn) — ^*pGp,n]Gn) ■ 

l's^Vs,n 


(25) 

□ 


With this definition, the instantaneous SU throughput accrued in slot n is given by rs,n = 
vp{lp,n] Gn)- In the next slot, the CD graph becomes Gn+i = (V^+i, A„+i), obtained by pruning 
from Gn the nodes and the edges corresponding to those PU and SU packets recovered via CD, 
and adding the new unconnected SU packet (n + 1)5 and PU packet (n + l)p. 

4) Case Ip^n G ^p,n, ls,n £ ^s,n-' In this case, both PUtx and SUtx transmit. Moreover, the 
PU packet transmitted is still unknown to SUrx. The outcome depends on the value of ys,n, as 
detailed below: 

• ys,n = 1: both Ip^n and ls,n are jointly decoded and CD is initiated from both packets, 
thus combining the cases analyzed in Secs. III-A2 and [III- A3 In particular, the PU and SU 
packets recovered after termination of CD are those corresponding to the non-zero elements 
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of 


'^*{h,nJp,n',Gn) — X ( [^p{^P,n) + ^s{^S,n)] > 0 j . 

i^oo \ / 

Therefore, we have that 


k=0 


f^P,n+l{lp) — '^*{ls,nJp,n]Gn)^p{1‘p)'^i^l-P ^ Vp^n, 
^ 5 ,n+l(^s) V iJ‘S,ni^P,niQn)^siJ‘S) I'^^S ^ "^^ 5 ,^- 


(26) 


(27) 

(28) 


Definition 3. Given Qn, we define the joint CD potential of nodes ls,n G Vs,n and Ip^n £ 
Vp,n, v{ls,n,lp,n]Qn), as the number of SU paekets that ean be deeoded by initiating CD 
from the SU paeket ls,n (ineluding itself) and PU paeket /p„. Mathematieally, 




W) ^P,ni Gn) ^ iJ'S^ni ^P,n 


; 6 „) 5 ; 

'sSVs,, 


^sil's 


(29) 

□ 


With this definition, the instantaneous SU throughput aeerued in slot n is given by rs,n = 
v{ls,nJp,n'-,Gn)- In the next slot, the CD graph beeomes Gn+i = (Vn+i,A„+i), obtained 
by pruning from Gn the nodes and the edges eorresponding to those PU and SU paekets 
reeovered via CD, and adding the new uneonneeted SU paeket (n + 1)5 and PU paeket 
{n + l)p. 


ys^n = 2: ls,n is deeoded by treating Zp^„ as noise, whereas Ip^n cannot be deeoded. This 


ease is the same as the one analyzed in See. III-A2 


ys,n = 3: Ip^n is deeoded by treating ls,n as noise, whereas ls,n cannot be deeoded. This 


ease is the same as the one analyzed in See. III-A3 


ys,n = 4: neither Ip^n nor ls,n can be deeoded, even after removing the mutual interferenee. 


due to poor ehannel quality. This ease is the same as the one analyzed in See. III-Al 


ys,n £ {5,6, 7}: neither Zp„ nor Is^n can be deeoded, but they are buffered sinee they may 
be deeoded in the future by removing the mutual interferenee. Therefore, = 0 sinee 
CD eannot be initiated, so that Kp^n+iGp) = «^p,n((p), V/p and ns^n+iGs) = «^s,n((s), V/ 5 . 
The next CD graph Gn+i is obtained in two intermediate steps. First, the new sets Vp,n+i 
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and Vs,n+i 


Vp,n+1 — U {n + 1}, 

V 5 ,n +1 = Vs,nU{n + l}. (30) 


Then, the intermediate adjaeeney matrix A„+i is defined as 


with sub-matrices 




0 Ap_j.5^n+i 

A5_>p,n+1 0 


A 


P—>S,n+l 


Ap_>.5,n 0 

0 0 


A 


P->-S,n+l 


Ap_).5,, 

0 


0 

0 


(31) 


(32) 

(33) 


corresponding to the inclusion of the new SU and PU packets with label n + 1. Then, the 
sub-matrices Ap^ 5 ^„+i and As^p,n+i of the adjacency matrix A„+i are defined as 


[Ap^S,n+l]l'p,Vg — [■^P^S,n+l]Vp,Vg-,^{l'pj's) ^ ^P,n+1 X Vg^n+l \ {{lp,n, ls,n)} 

1 if|/s,ne{5,7} 


A 


P-s-S, 


n+l\lp,„ 


,ls,i 


A 


P—^-Sjn+l 


^P,ni^S,n 


if ys,n = 6, 


(34) 

(35) 


and 


[As^p,n+l]«' Z' — [As^p,n+l]z' Z' , V(/|^,/p) G Vs,n+1 X '^P,n+1 \ {(^5,n, ^P,n)} 


(36) 


[-^S^P,n+l\ls^„,lp^n 




^5,71 )^P,n 


if ys,n = 5 


(37) 


1 if ys,n £ {6, 7}, 

i.e., edges are added corresponding to the decoding relationship between Is^n and Ip^n- 
5) Case ap^n = ^p,n ^ {Op, Ip,..., Pp} \ Vp,n-' In this case, PUtx transmits a packet which 
is known by SUrx due to a previous successful decoding operation. In turn, SUrx can remove its 
interference from the received signal. After the interference from the PU transmission has been 
removed, this case becomes the same as the one analyzed in Secs. III-Al and III-A2[ depending 
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End of time-slot 0 


End of time-slot 1 


End of time-slot 2 






"K©— 


PU 


su 


Op 

■ 

Op 

■ 


■ 

■ 


^ 4 —— 

NACK ACK 


NACK 


Op 


Ip 


Ip 


idle 


CORRUPTED CORRUPTED CORRUPTED 


0 


time 


Fig. 4: Example of CD graph construction. The white and black nodes denote PU packets and 
SU packets, respectively, numbered with the corresponding label. On the right, we show the 
transmission sequence for the PU and SU. 


on whether SUtx remains idle (as,n = 0) or transmits (as^n = !)• 
We now provide an example of construction of the CD graph. 


Example 2. Consider a sequence of 4 slots {0,1,2,3}. PUtx transmits packets Op, Op, 2p, in 
sequence; SUtx transmits packets O 5 , I 5 , I 5 , in sequence. The decoding outcome at SUrx is 
such that Op —)■ O 5 in slot 0, I 5 —)■ Op in slot 1 and 2p —)■ I 5 in slot 2. The corresponding CD 
graph thus evolves as in Fig. Correspondingly, at the beginning of slot 1 (end of slot 0) we 
have 


A 


p^s,i — 


1 0 
0 0 


at the beginning of slot 2 


^P-s>S,2 


at the beginning of slot 3 


A 


5-s>P,l — 


0 0 
0 0 


1 

0 

0 


0 

0 

0 

0 

0 

0 

) ^S^P,2 — 

1 

0 

0 

0 

0 

0 


0 

0 

0 


(38) 


(39) 


^P-5-5,3 


’ 1 

0 

0 

0 ' 


' 0 

0 

0 

0 ' 

0 

0 

0 

0 

, ^S^P,3 — 

1 

0 

0 

0 

0 

1 

0 

0 


0 

0 

0 

0 

_ 0 

0 

0 

0 _ 


_ 0 

0 

0 

0 _ 


(40) 


Now, assume PUtx retransmits 2p in slot 3 while SUtx remains idle, and SUrx successfully 
decodes 2p. The successful decoding of 2p triggers CD over the graph: in fact, the interference of 
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2p is removed from the signal reeeived in slot 2 (previously buffered by SUrx), thus reeovering 
Is; then, the interferenee of Is is removed from the signal reeeived in slot 1, thus reeovering 
Op; finally, the interferenee of Op is removed from the signal received in slot 0, thus recovering 
Os- The SU is thus able to recover all previously failed transmissions via CD, so that the CD 
potential 2 is released. The CD outcome is thus obtained by following the direction of the arrows 
in the CD graph, starting from node 2p, which initiates it. Correspondingly, at the beginning 
of slot 4 we obtain Ap_ 5 .s ,4 = Osxs (3x3 matrix of zeros) and A 5 _j.p 4 = Osxs, corresponding 
to the untransmitted SU packets with labels 2s, 3s and dg, and untransmitted PU packets with 
labels Ip, 3p and 4p. 

In this example, the CD graph has a linear structure. However, the following treatment includes 
more general graph structures, as the one provided in Example in Sec. |Vj □ 

B. Reachability and root of the CD graph 

We define the reachability between a pair of packets in the CD graph, and the root of the CD 
graph as follows. 

Definition 4. Consider the CD graph = (Vn, A„), and two packets li,l 2 G Vn- We say that 
I 2 is reachable from h (we write h h) if there is a directed path connecting the two packets 
in the graph, i.e., 'v*x{h', A, F G {S,P}, where X = S (respectively, Y = S) 

if li (I 2 ) is a SU packet and X = P (Y = P) otherwise. If I 2 is not reachable from li, then we 
write 1 1 fy I 2 . More in general, a set of packets V C Vn is reachable from li if each packet in 
V is reachable (we write li ^ V). □ 

According to this definition, if Zi ^ V and h is decoded, then all /i G V are recovered via 
CD. 

Definition 5. We define the root of the CD graph Qn as the SU packet with the highest CD 
potential, i.e.. 


PsiGn) = arg max vsils'^Gn), (41) 

and its CD potential as v*g{Qn) = vs{ps{Gn)]Gn)- This may not be unique; to resolve ties, we 
let ps{Qn) be the one with the largest label value, i.e., the most recent SU packet with highest 
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CD potential. □ 

Remark 1. The ehoiee of the root in ease of ties is arbitrary. As we will see, the seleeted root 
is oeeasionally retransmitted by SUtx as part of the ehain deeoding protoeol. Thus, our ehoiee 
to seleet the most reeent one favors the retransmission of SU paekets with fresher information, 
whereas older SU paekets with possibly outdated information are dropped. 

Aeeording to this definition, we have that v*g{Qn) = 1 if and only if ps{Qn) = n. In faet, 
vs{ls] Qn) = 1 implies that only Is is deeoded; sinee the SU paeket with label ns has no edges 
in Qn (it has not been transmitted yet), its CD potential is vs{ns]Qn) = 1 Q-e., when deeoded, 
it deeodes only itself and no other paekets in the CD graph), and thus ns is the most reeent 
paeket with CD potential 1. 


IV. Performance metrics and optimization problem 


We define the expeeted reward ineurred by the PU when its internal state is sp„ = sp and 
the paeket arrival in the nth slot takes value bp^n = bp, as a funetion of the aeeess deeision of 
the PU (ap^n = ap e {0,1}) and of the SU {as,n = as ^ {0,1}), and of the ehannel quality 

7p,n = jp, as 


rp(sp, bp, 7 p, ap, as) 


Pp,i(sp, bp, 7 p, ap, as) 
Pp, 2 (sp, bp, 7 p, ap, as) 


Pp,g(sp, bp, 7 p, ap, as) 


(42) 


Note that rp(sp, bp,jp, ap, as) is a veetor of rewards, in order to model multiple performanee 
metries of interest. Moreover, negative rewards are used to model eosts for the PU. For in- 
stanee, rp^i{sp,bp,jp, ap, as) = —Ppap models the power eonsumption ineurred by the PU; 
Pp,i(sp, bp, 'yp,ap, as) = — max{gp —op + 6p —Qmax, 0} models the number of paekets dropped 
due to data buffer overflow, where op = a{tp, dp,yp) from Q, and i/p is a funetion of ap and 
7p; Pp,i(sp, bp, 'yp,ap, as) = apx (7 p G T p{as)) models the instantaneous throughput aehieved 
by the PU; rp^i{sp,bp,jp, ap, as) = —qp models the queuing delay experieneed by the PU 
paekets. Importantly, the PU reward funetion rp(sp, bp, 7 p, ap, as) is independent of the speeifie 
paeket transmitted by the SU (i.e., it is independent of the SU label ls,n), but does depend on 
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the SU access decision as G {0,1}. This is a practical assumption, since the PU is oblivious to 
the SU in our setting. 

We define the average reward of the PU, under the SU access and labeling policies = 
(/Ws,o, Ats,i, Ats, 2 , • • •) and A 5 = (A^^o, ^ 5 , 1 , As, 2 , • • • )> over a time horizon of length N, as 


R-p(/^S! ^s) 



"Af-l 

^ ^ rp(Sp,ji, &p,ru ^P,ni ^S,n) 

_ n=0 


sp,o — ( 0 , 0 , 0 ) , 


(43) 


where the internal PU state follows the dynamics sp,„+i = ()>(sp,n, 6 p,„, j/p,„) as in (|^, and the 
expectation is with respect to the SNR process {(7p (n), 7s(n)), n = 0,1,..., - 1}, the 
decision of the SU to transmit or remain idle, drawn according to policy At 5 ,n(l/po^) l/so^> ^so^)’ 
the SU labeling sequence, drawn according to policy Xs,ni-\yp~o^, 2/s 0^5 ^so^)’ *^he PU access 
decision, drawn according to /ip(sp,„). 

Similarly, we define the average throughput of the SU, over a time horizon of length N, as 


T^s"(/^5,As) = ^E 


N-l 


n=0 


Sp,o — ( 0 , 0 , 0 ) 


(44) 


where rs,n is the instantaneous expected throughput, defined in Sec. ITT-A 


In this paper, we focus on the average long-term performance iV —)■ cx), so that (43) and (44) 
become 


Rp(/is, Xs) = lim inf Rp(/is, A 5 ), 

N^oo 

Ts(/is, Xs) = lim inf T^(/i5, As). (45) 

The goal of the SU is to define a secondary access policy /is, which determines whether 
the SU should access the channel or remain idle at any given time, and a labeling policy 
As, which determines what the SU should transmit (new data packet or retransmission of a 
specific previously failed and buffered SU packet), so as to maximize the average long-term 
SU throughput Ts(/^s,As), subject to a constraint on the minimum average long-term reward 
Rp(/is, As) incurred by the PU, i.e., 

PI : (/is, As) = arg maxTs(/is, As) s.t. Rp(/is, As) > Rp,min- (46) 

rsAs 

Herein, we assume that the reward for the PU is maximized if the SU remains idle, i.e., letting 


September 29, 2015 


DRAFT 











27 


= 0 be the idle SU policy /i5,n(-) = 0 , Vn, we have that Rp(/i5, A5) < Rp( 0 , A5), V/X5. 


Then, the optimization problem ( 46 ) is feasible if and only if Rp(0, A5) > Rp,min. 

Remark 2 . Importantly, the average long-term performance for the PU, Rp(/i5, A5), is a function 
of the policy implemented by the SU only through the access scheme ns, since the instantaneous 
expected reward rp(sp, fep, 7 p, ap, as) is independent of the SU packet label Is- Therefore, if two 
labeling policies Xg and A^ generate the same access sequence {as^n^n > 0}, the performance 
for the PU will be the same, i.e., Rp(/i5, A'^) = Rp(/X5, A^). 

Note that the state space of the system may be infinitely large, since the CD graph may grow 
arbitrarily large, and the optimal policy may depend on the specific CD graph available in each 
slot, thus challenging the numerical optimization of PI. In the next section, we present the CD 
protocol and prove its optimality. Such protocol specifies, at any given time, whether the SU 
should transmit a new data packet or perform a retransmission of a specific SU packet in the 
CD graph, and thus explicitly characterizes the labeling policy Xs of the SU. It is based on four 
basic rules, stated in Sec. |V| In Sec. VI we will show that such optimal labeling policy makes it 
possible to define a compact state space representation of the system, which takes into account 
only some features of the CD graph in the decision process, rather than the complete structure 
of the CD graph. This compact representation lends itself to an efficient optimization of the SU 
access policy p*g via a Markov decision process formulation. 

As a result, the SU access policy and the CD protocol are decoupled: the former specifies 
whether the SU should access the channel or remain idle, depending on the state of the system 
in the compact state space representation; the latter, should the SU decide to access the channel, 
specifies which SU packet needs to be transmitted according to four CD rules. 


V. Chain Decoding Protocol 

Let Qn be the CD graph at the beginning of slot n, and Ip^n be the label of the PU packet 
transmitted in slot n. Note that the SU does not know whether the PU transmits or remains idle 
in slot n, due to the randomized PU access policy. However, if a PU transmission occurs in slot 
n, then the SU pair knows the corresponding label Ip^n (see Lemma [^, i.e., whether PUtx is 
about to perform a new transmission (if tp^n = 0), or a retransmission (if tp^n > 0). 

The CD protocol defines which packet the SU should transmit at any given time, in those 
slots where as,n = 1, and is defined by the following four rules: 
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Rl) If np^ni}p,n) = 0 (the current PU packet is unknown by SUrx), psiQn) 7^ lp,n and 
lp,n 7^ psiGn), SO that Ip^n cannot be reached from the root ps{Gn) in the CD graph, 
and vice versa, then ls,n = Ps{Gn), i-S-, the root of Gn is transmitted]^ 

R2) If K,p,n{lp,n) = 0 (the current PU packet is unknown by SUrx) and ps{Gn) ^ lp,n, or 
f^p,n{lp,n) = 0 and Ip^n ^ Ps{Gn), SO that Ip^n can be reached from the root ps{Gn) in 
the CD graph, or vice versa, then Is^n = ns (a new SU packet is transmitted); 

R3) If Kp^n{lp,n) = 1 (the current PU packet is known by SUrx), then ls,n = PsiGn), 
the root of Gn is transmitted; 

R4) upon starting a new ARQ cycle (tp^n = 0), the portion of the graph reachable from 
PsiGn) is retained; whereas the remaining portion of the graph is discarded. 

Remark 3. Note that, according to R4, SU packets may be discarded at the end of the slot, 
and thus reliability is not guaranteed. However, reliability can still be achieved by higher layer 
protocols, i.e., by forcing a retransmission at the upper layer. The lower levels of the protocol 
considered in this paper are oblivious to the retransmission process enforced at the upper levels, 
and thus, this information is not exploited for IC. 

The aim of rule Rl is to connect the current PU packet with label Ip^n to the graph, in order 
to build CD potential. In particular, if /p„ o psiGn) or /p„ —)■ psiGn), then /p^„ inherits the 
CD potential of the root psiGn)', on the other hand, if /p„ -fT- psiGn) or Zp^„ psiGn), then /p„ 
augments the CD potential of the root psiGn), by making the nodes directly reachable from Ip^n 
reachable from psiGn) as well. The aim of rule R2 is to build the CD graph and increase the 
CD potential of Ip^n, by connecting new SU packets to the current PU packet in the graph. The 
aim of rule R3 is to release the CD potential and deliver secondary throughput, respectively, by 
taking advantage of the knowledge of the current PU packet at SUrx. The aim of rule R4 is 
to retain the portion of the graph with the largest CD potential, while dismissing those packets 
which cannot be recovered via CD. 

Notice that the four CD rules instruct SUtx to either transmit a new packet, with label ls,n = 
ns, or retransmit the root of the CD graph Gn, with label ls,n = PsiGn)- No other SU packets 
may be transmitted at any time. The intuition behind this result is that, if the root is successfully 
decoded, then the highest CD potential is released, leading to the largest number of SU packets 

^Note that this implies that, if Vg{Qn) ~ 1, then ls,n = ps{Qn) = ns, so that the SU transmits a new packet. 
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being decoded in the CD graph. In contrast, if any other packet in the graph is retransmitted, 
a lower CD potential is released, yielding lower transmission efficiency. We remark that, while 
the PU uses retransmissions as part of the ARQ mechanism to improve reliability, the SU does 
not use retransmissions to improve reliability but to build the CD graph and release the CD 
potential, in order to achieve the largest SU throughput possible. 

Whether ls,n = ns or ls,n = psiGn) is a function of Kp^n{lp,n) e { 0 , 1 }, of xi.Psi.Gn) lp,n) 
and of xGp,n PsiGn)), whether or not the current PU packet is known by SUrx, and 
whether or not the current PU packet is reachable from the root of the CD graph, and vice versa. 
Therefore, the labeling policy Xs can be expressed as Xsinp,nilp,n), xiPsiGn) lp,n), xGp,n ^ 
PsiGn))), rather than 

We now describe the application of these rules with the following example, depicted in Fig. 

Example 3. The structure of the CD graph at the beginning of the ARQ cycle, in slot 1, is 
depicted in Fig. |^a, where is the root of the graph and S is the set of SU packets reachable 
from the root O 5 , so that O 5 ^ 5 and ^ 5 ( 05 ; Gi) = 1 + 1*51. The current PU packet Ip is unknown 
by SUrx and is not connected to the graph, hence, according to rule Rl, the SU retransmits the 
root of the graph O 5 in slot 1. Assume that the decoding outcome at SUrx is such that Ip —)■ O 5 . 
Ip thus becomes connected to the CD graph, as in Fig. [^b, and its CD potential is inherited 
by O 5 , so that vp(lp;^ 2 ) = r’ 5 ( 05 ;^i). Hence, according to rule R2, in the next slot 2 the 
SU transmits a new data packet 2^. PUtx fails its transmission in slot 1, hence it retransmits 
Ip in slot 2. Assume that the decoding outcome is such that Ip —)■ 25 , so that 2^ becomes 
connected to the CD graph, as depicted in Fig. |^c. Assume also that PUrx successfully decodes 
Ip, so that a new ARQ cycle begins in slot 3. Note that, at the end of slot 2, O 5 has the highest 
CD potential (Fig. [^c). In fact, by initiating the CD process from O 5 , all the SU packets in 
S are recovered; on the other hand, no CD can be initiated from 2^. Therefore, applying rule 
R4, nodes Ip and 2s are trimmed from the CD graph, whose structure in the next slot 3 is as 
depicted in Fig. |^d. In fact. Ip is no longer retransmitted by PUtx, and thus cannot be decoded 
by SUrx in the future, and 2s cannot initiate the CD process, since it is a leaf in the graph. In 
slot 3, SU transmits O 5 and PU transmits 3p, according to rule Rl. Assume that O 5 -H- 3p. Then, 
the structure of the CD graph in slot 4 is as depicted in Fig. [^e. Now, 3p is connected to the 
root of the graph, hence, according to rule R2 and assuming a PU retransmission is requested. 
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Fig. 5: Example of CD protocol and construction of CD graph. The white, black, and red nodes 
denote PU packets, SU packets, and the root of the CD graph, respectively, numbered with the 
corresponding label. 

(a) slot 1; new ARQ cycle; PU transmits Ip, SU transmits the root Os (Rl) 

(b) slot 2; PU transmits Ip, SU transmits a new packet 2s (R2) 

(c) end of slot 2 

(d) slot 3; new ARQ cycle. Ip and 2s are dropped from the graph (R4); PU transmits 3p, SU transmits Os (Rl) 

(e) slot 4; PU transmits 3p, SU transmits 4s (R2) 

(f) slot 5: PU transmits 3p, SU transmits 5s (R2) 

(g) end of slot 5 

(h) slot 6: new ARQ cycle; PU transmits 6p, SU transmits the root 4s (Rl) 


the SU transmits a new packet 4^ and PUtx retransmits 3p. Assume that 4s —)■ 3p. Then, the 
structure of the CD graph at the beginning of slot 5 is as depicted in Fig. [^f. According to rule 
R2, in slot 5 the SU transmits 5s and the PU retransmits 3p. Assume that 3p —)■ 5s and the 
PU successfully decodes 3p. The structure of the CD graph at the end of slot 5 is depicted in 
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Fig. [^g. Note that, at this point, the SU paeket with the highest CD potential is 45 . In faet, if 
the CD proeess is initiated from 45 , in sequenee, 3p, Sg, O 5 and the set of SU paekets S are 
deeoded, and thus its CD potential is ^ 5 ( 45 ; Qn) = 1*51 +3. In eontrast, if the CD proeess were 
initiated from O 5 , then only the SU paekets in S and Sg would be deeoded, and thus its CD 
potential is ^ 5 ( 05 ; Qn) = + 2. Therefore, aeeording to rule R4, in the new ARQ round dg 

beeomes the root of the CD graph, as depieted in Fig. [^h. □ 

The following theorem establishes the optimality of the CD protoeol. 


Theorem 1. The CD protocol defines one optimal labeling policy X*g solving the optimization 
problem PI under any SU access policy ps- 


Proof: See Appendix ■ 

Sinee Theorem proves the optimality of the CD rules, we ean assume that is generated 
aeeording to these rules. We denote the eorresponding labeling poliey as Therefore, the 

original optimization problem PI in ([4^ ean be restated as 


V2\ p*g = argmaxTs(/i 5 , s.t. ^ 








(47) 


so that only the SU aeeess poliey ps needs to be optimized. Under the CD labeling poliey, it 
ean be proved that the SU throughput Ts{ps-, aehieves an upper bound Tg^^\ps). This 

is stated in the following theorem, whieh follows as a eorollary of the proof of Theorem (see 
Appendix |^. 

The upper bound Tg'^^\ps) is eomposed of three eomponents. The first eomponent, T^^-'^\ps), 
is the genie-aided SU throughput, assuming that the PU paekets are known in advanee and their 


interferenee ean be removed. The seeond term (50) is a throughput degradation term whieh 
aeeounts for the ease when SUrx eannot deeode the PU paeket within the PU retransmission 
eyele, even in the genie-aided ease where the paeket is deeoded after removing the interferenee 
from the SU paekets; in this ease, sueh PU paeket eannot be deeoded, its interferenee eannot 
be removed, henee the only way for SUrx to deeode SU paekets is to treat the PU signal as 
noise, resulting in the impossibility to deeode those SU paekets sueh that ys,n ^ {5,7}. The 


third term (51) is a throughput degradation term whieh aeeounts for the ease when the SU needs 
to retransmit the root of the CD graph, rather than transmitting new data paekets; with this last 
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term, we guarantee that the root of the CD graph is eounted only onee in the throughput aeerual. 


Theorem 2. Under the labeling policy defined by the CD rules, we have 


(48) 


where 


Above, 


= lim inf 




-E 


E 


+ 1 ) 

1 

+ 1 ) fr 


j iyp(k+l) — l 

£ (l - (^P,naS,nX{yS,n € {5, 7}) 


up{k+l)-l 

X] I 1 - n “ ap,nas,nX{ys,n = 7)] 


!^p(fc+l) —1 

X JJ I 1 - ap^nX{ys,n e {1, 3,6, 7}) + ap^nas,nX{ys,n = 7) 

n=vp{k) 


rifVs) = E 


= E 


!4p(j + l)-l 


T^pU + 1) 

1 

^p{j + 1 ) 


X] as,nX(l/s,n e {1,2,5,7}) 


n=0 

!4p(i + l)-l 


®s,r: 


n=0 


sp) 


(49) 


(50) 


(51) 


(52) 


is the genie-aided (GA) throughput accrued over the first j + 1 PU ARQ cycles, assuming SUrx 
knows the PU packet in advance and thus removes its interference, and 

up{k+l) — l 


JO A) A 


1- n [1 - e {1,3,6, 7})] 

n=up(k) 


(53) 


is the genie-aided (GA) decoding outcome at SUrx for the PU packet transmitted in the kth ARQ 
cycle, assuming that the SU packets are known in advance and thus their interference can be 
removed. 


Proof: From the proof of Theorem in Appendix under Assumption i.e., assuming 
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that both PUtx and SUtx always transmit, the CD labeling policy asymptotically achieves the 


upper bound = limj_^oo as given by (102), where is defined in (911. This result 


is defined under Assumption In order to map it to the general case where either PUtx or 
SUtx may remain idle, we apply Procedure to the expression of in (91), thus yielding 
the expression given by (|49]) after taking the expectation with respect to the SU and PU access 
policies and the SNR process. ■ 

Using Theorem the optimization problem P2 can then be expressed as 


P3 : fi*g = argmaxT^“^^(/i 5 ) s.t. ^ ^p, 


(CD). 


IJ'S 


which is developed in the next section. 


(54) 


VI. Compact State Space representation 

In this section, we investigate the solution of the optimization problem P3, and we show that it 
yields a compact state space representation of the CD protocol, and thus can be solved efficiently 
via dynamic programming. To this end, in the following theorem we derive an alternative 
expression of the SU throughput under the CD labeling policy, Tg^^\ 

This alternative expression expresses the SU throughput as a long-term time average of a 
virtual instantaneous throughput, which not only counts the SU packets physically decoded in 
each slot, but also the CD potential, i.e., those SU packets that are reachable from the root of 
the CD graph. Intuitively, since the root of the CD graph is transmitted infinitely often by SUtx 
as part of the CD rules, it will be decoded with probability one within finite time, thus releasing 
the full CD potential. From the perspective of the SU throughput, there is no difference between 
counting such CD potential as soon as it is created, rather than at the future time when the root 
is decoded. 

As it will be seen in Theorem the virtual instantaneous throughput is expressed as the sum 
of five quantities: the genie-aided throughput, assuming that the interference from the PU packet 


can be removed (see (56)); a throughput degradation term due to the fact that the current PU 
packet may be unknown and thus its interference cannot be removed (see ([57])); a throughput 
term due to the fact that, if the PU packet is decoded or it becomes reachable from the root in 
the CD graph {ys,n ^ {1, 3, 6, 7}), then those hs,n SU packets that can be reached from the PU 


packet are virtually decoded (see (58)); a throughput term due to the fact that, if the current PU 
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packet is connected to the root of the CD graph as /p„ o ps{Qn) ii'P,n = = 1) and the PU 

packet is physically decoded, then the root is decoded as well (see (|59l)); finally, a throughput 
term due to the fact that, if the current PU packet is connected to the root of the CD graph as 
lp,n ^ Ps{Gn) and the new transmissions in slot n are such that Is^n ^p,n, then Is^n becomes 


the new root of the graph and the previous root ps{Gn) is virtually decoded (see (60)). 


Theorem 3. 

f= lim inf E 

Af-s-oo 

where g{-) is the virtual instantaneous throughput/or the SU pair, defined as 

9{^S,n-i tlp,n-i yS,n-i ^ p^n i ^P,n-i^S,n) tlg^nX{yS,n ^ { 1 ) 2 , 5 , 7 ]-) 

- (l - j as,nap,nX{ys,n e {5, 7}) 

+ ap,nXiys,n e (1, 3, 6, 7})bs,n 

+ - as,n)x{ys,n € (1,3, 6, 7}) + as,nX{ys,n & (1, 3})] 

“f tlp^n(^S,nXidlS,n 6), 


^ iV-1 

^ 'y ^ 9isis,ni tlp,ni ys,ni ) ^P,n-} ^S,n) i 

n =0 


(55) 


(56) 

(57) 

(58) 

(59) 

(60) 


where we have defined 


n—1 

n [^-(^P,mx{ys,m& {7,3,6,7})], 

m=up{k) 

n—1 

[l ^P,mX{]JS,m ^ {1? 3, 6, 7]-) “h 0>P^rn^S,mX{yS,m 7)] , 

m=up{k) 

n—1 

bs,n - (l “ X] aP,mas,mX{yS,m = 5). 

m=vp{k) 


Proof: Using Lemma in the Appendix, we can express as 


= lim inf E 

j^oo 


7'77s,vp{j+i) V 

Mj + 1 ) 


(61) 

(62) 

(63) 


(64) 


where Ms^n, defined in (140), is the number of SU packets successfully decoded up to the 


beginning of slot n, and vs,n, defined in (139), is the CD potential of the root of the CD graph 
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at the beginning of slot n. + vs,n is defined reeursively via ( |151 1 in Lemma so that we 
ean interpret Ms,n+i + vs,n+i — Ms,n — vs,n as the throughput reward aecrued in slot n, thus 
yielding the expression of g{-) in (56) after applying Procedurein order to map the expression 
of Ms^n+i + vs,n+i “ dcrivcd Under Assumption to the general case where either 

PUtx or SUtx may remain idle. ■ 

In Theorem similarly to (53), is the genie-aided (GA) decoding outcome at SUrx for 
the PU packet Ip^n = ^p{k) up to slot n, assuming that the SU packets are known in advance and 
thus their interference can be removed; = 1 denotes the event that either the PU packet has 
not been decoded yet in slot n in the genie-aided case, i.e., even after removing the interference 
from the SU packets (and thus = 0), or it is connected to the root of the CD graph as 

h,n ^ PsiGn) (i-e., 3up{k) <m<n: ap^rn = = 7); finally, hs,n denotes the 

number of SU packets that can be decoded after removing the interference from the SU packet, 
under the assumption that k^p^'^ = 0 (the PU packet is unknown in the genie-aided case). Note 


that 1 — k^'p^'^ < ip,n, and therefore, if k'p^^ = 0, necessarily ip^n = 1- It follows that three 
configurations are possible: k^p^'^ = 0, tp^n = 1 and bs,n > 0; k^p^'^ = 1, Lp,n = 1 and bs,n = 0; 


dGA) _ 


K 


(GA) 

P,n 


= 1, Lp^n = 0 and bs,n = 0. 


As is apparent from the proof of Theorem]^ the reward function g{-) includes two quantities: 
the quantity Ms,n+i — Ms,n representing the number of SU packets successfully decoded in slot 
n, due to a direct decoding operation or via CD; and the quality vs,n+i — vs,n-, representing the 
increase (or decrease, if negative) of the CD potential of the root of the CD graph. Therefore, the 
inclusion of W 5 ,n+i — vs,n in the instantaneous throughput accrual presumes that the CD potential 
of the CD graph is released immediately, rather than at the future time when the root is actually 
decoded. 

Thus, Theorem defines a virtual system where the CD potential is immediately released, 
i.e., all the SU and PU packets which are reachable from the root of the CD graph are decoded 
virtually instantaneously by SUrx, rather than in the future slot when the actual successful 
decoding of the root occurs. In particular, the SU packets in the CD graph (except the root 
itself, which needs to be retransmitted) contribute instantaneously to the SU throughput accrual. 
Moreover, if the current PU packet can be reached from the root of the graph (and thus k^pif^ = 
1), it is virtually instantaneously decoded, hence, it is virtually known by SUrx. Such virtual 
knowledge can in turn be exploited in the following primary ARQ retransmission attempts to 
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create a "elean" ehannel by using virtual FIC. As a result, we ean represent the state of the 
CD protoeol by the tuple ($, 65 ), eorresponding to different eonfigurations of {k^pn \ ^P,n^ bs^n), 
where 

• $ is the virtual knowledge of the eurrent PU paeket (with label Ip) at SUrx, and takes values 
e {K,K,U}, where "U" denotes Ip virtually unknown (kp^ = 0) and "K" denotes Ip 

virtually known (k^p^'^ = 1). The unidireetional or bidireetional arrow above "K" indieates 

—¥ 

the type of edge eonneeting Ip to the root of the CD graph. In partieular, $ =K indieates 
that Ip is deeodable after deeoding the root of the CD graph, but the root is not deeodable 
after deeoding Ip, as in Fig. [^e, or that Ip is known (Kp^n{lp) = 1); on the other hand. 


$ =K indieates that Ip and the root are mutually deeodable after deeoding the other paeket, 
i.e.. Ip ^ PsiGn), as in Fig. [^b. Finally, = U indieates that Ip is virtually unknown 
to SUrx, i.e., it is not eonneeted to the CD graph or it has not been virtually deeoded by 
SUrx yet; note that = U ineludes the ease where the root of the CD graph is deeodable 
after deeoding Ip, but Ip is not deeodable after deeoding the root (otherwise, it would be 
virtually known and k^pi^'’ = 1 ); 

• hs is the number of SU paekets direetly reaehable from the eurrent PU paeket in the 
CD graph but not virtually deeoded, sinee Ip is virtually unknown; in partieular, hs € 
N(0, i?max — 1), sinee eaeh PU paeket is transmitted at most i?max times. Therefore, if the 
eurrent PU paeket is sueeessfully (or virtually) deeoded, all the hs SU paekets are deeoded 

•FA ^ 


as well. Note that, if $ =K or =K, then the eurrent PU paeket is virtually known by 
SUrx, henee all the SU paekets reaehable from it in the CD graph are virtually deeoded, 
resulting in 65 = 0 . 

In these different eonfigurations, the expeeted virtual instantaneous throughpuj^ is as follows: 
. If ($n,fes,n) = (G,bs,n), then = 0, Lp^n = 1 and bs,n > 0, henee, from (56), 


9(.tl‘S,ny tlP,ny ys,ny^ jhs,n) tlS,nXi.y S,n ^ A 05^^(1 (ip,n)xi.y S,n ^ 


+ 0,P,nX{yS,n £ { 1 , 3 , 6 , k})hs^n) 


(65) 


®We redefine the virtual instantaneous throughput as g{as,ap,ys, 't*, b), in order to reflect one of these possible configurations. 
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h SU packets 

(a) (U,&) (b) (K,0) (c)(K,0) 

Fig. 6: States of the virtual system 


and, by taking the expeetation with respeet to ys,n, 

®P,n) yS,ni U, ^5,n)] ®S,n(*^sp “f ^s') “f ®S,n(l (^P,n)(y^sp “h ^s) 

“f sp “f “f b’sp “f ^p')bs,ni (66) 


where the first two terms eorrespond to the successful decoding of the current SU packet, 
and the last term refers to the event that is virtually decoded, hence the bs^n SU packets 
are virtually decoded as well. 


O (C^ A) 

If (<I)n,&s,n) = (K,0), then ^ = 1, = 1 and bs,n = 0. Since tp,„ = 1 implies 

ap,mXiys,m e {1,3, 6, 7}) - ap^^as^mX{ys,m = 7) = 0,Vz/p(fc) < m < n, and = 1 
excludes ap^rnX{ys,m e {1,3,6, 7}) = 0 ,Vpp(A;) < m < n, it follows that there exists 
up{k) < m < n such that ap^rnX{ys,m e {1,3, 6, 7}) = 1 and ap^mas,mX{ys,m = 7) = 1, 
i.e., ap^rn = 1, 05 ,m = 1 and x{ys,m = 7). Therefore, the current PU packet is connected to 


the root of the CD graph as Ip^n ^ psiGn)- From (56), we thus obtain 


9 i,^S,ny (^P,ny yS,ny iky OS,nX(2/5,n ^ {1)2, 5, 7}) 

+ ap,nXiys,n e {1, 3,6}) + ap,„(l - as,n)xiys,n = 7), (67) 
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and, by taking the expectation with respect to ys,n. 


E 


T—r 

QiAS^W) yS^ni K? 0) “1“ (^5 "h A 

“1“ ^P,n(*^sp “1“ “1“ ^p) “1“ ,n)^sp; (68) 


where the first term refers to a successful decoding operation of the current SU packet (since 
Ip^n is virtually known, its interference can be removed), and the last two terms refer to the 
event when either is successfully decoded, so that the current root, which is reachable 
from is decoded as well, or ^ —)■ Zp„,, so that Ig^n becomes the new root of the graph 
and the previous root is virtually decoded. 

Finally, if ($„, bs,n) = (K, 0), then kp^ = 1, Lp^n = 0 and bs,n = 0. Since <.p,n = 0 excludes 
ap,mX{ys,m e {1, 3, 6, 7}) - ap^rnas,mX{ys,m = 7) = 0,Wup{k) <m<n, there exists some 
z/p(fc) < m < n such that ap^rnX{ys,m e {1,3,6, 7}) - ap^rnas,mX{ys,m = 7) = 1, so that 
either the current PU packet is decoded successfully, or it is connected to the root of the 


CD graph as psiQn) —^ lp,n- From (56), we thus obtain 


- 7 

9i.^S,ny ^P,ny yS,ny ^S,nXi,yS,n ^ {1) 2, 5, 7}) , 


(69) 


and, by taking the expectation with respect to ys,n. 


E 


9{,^S,ny (^P,ny ys,m K, 0) 


(^S,n(^bgp "f (5s 5“ Vgp Vg'j. 


(70) 


In fact, since Ip^n is virtually known, its interference can be removed, so that the current 
SU packet can be virtually decoded if ys,n ^ (1,2,5,7}. 

^r-¥ —¥ 

Note that the distinction between <l> =K and <l> =K is necessary, since in the configuration 


$ =K the root may become reachable by a new root with larger CD potential, as shown in the 

—¥ 

example provided in Fig. 5 e-f; on the other hand, if <I) =K, then no SU transmission can achieve 
higher CD potential than the current root. Also, note that virtual FIC can be employed by SUrx 


in states $ =K and =K to perform its new transmissions, since the current PU packet is 
virtually known. Thus, in these states the SU takes advantage of a "clean" transmission channel. 
This fact does not hold when <l> = U, since the PU packet is virtually unknown. 
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The state spaee of the CD protocol in the virtual system is thus given by 


>V = {(U,6) :beN{0,R, 


'max 


1 )} 



( 71 ) 


with finite cardinality |>Vv| = -Rmax + 2, as opposed to the original formulation, where the state 
space is infinite. Therefore, the virtual system allows a compact state space representation of the 
CD protocol, such that the specific structure of the CD graph, e.g., the decoding relationships 
between the packets in the graph, need not be taken into account. This compact representation 
thus lends itself to complexity reduction in the operation and optimization of the SU access 
policy. 

The virtual system corresponding to Exampleis depicted in Fig.|^ along with the state of the 
CD protocol. In particular, in slot 1, 5 is virtually decoded and the CD potential is immediately 
released, hence the |iS| SU packets in S instantaneously contribute to the throughput accrual. In 
slot 4, 3p is virtually known at SUrx, hence Ss in slot 5 is decoded via virtual FIC at SUrx. 
Moreover, in slot 5, Os is virtually decoded as well, since 4s becomes the root of the CD graph. 

A. Markov decision process formulation 

Based on this compact state space representation, it is possible to reformulate problem ( |54| ) 
as a Markov decision process. The state of the system at the beginning of slot n is denoted as 



(72) 


where scD,n G IT’ is the state of the CD protocol, tp^n ^ N(0, — 1) is the ARQ state, 

dp^n e N(fp,n, 77max — 1) is the delay state at the PU pair (both tp^n and dp^n can be tracked by 
the SU pair, as per Lemma [^, and /)„ is the belief available at the SU pair on the value of the 
internal queue state of PUtx, based on the history collected, so that (3niqp) is the probability that 
qp,n = qp, as seen from the SU pair. The following theorem establishes that s„ is an information 
state, i.e., s„ is a sufficient statistic for decision making at time n, so that we can redefine the 
SU access policy as a function of only, and psi^n) is the probability that as,n = 1 in slot n. 

Theorem 4. is an information state. 
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Proof: See Appendix ■ 

A deeoupling prineiple thus follows: the secondary access decision, i.e., whether the SU 
should transmit or stay idle, is determined from based on the eompaet state information 

s„; on the other hand, packet selection, i.e., whieh paeket should be sent if a transmission is 
made, is done based on the four CD rules of See. |V[ based on the state of the CD graph. 

We ean define the expected virtual instantaneous throughput and the expeeted PU reward 
under a given state s„ and SU aeeess deeision as,n as 

g(Sn, US,n) ® \_Q{ciS,ni ®P,n5 ys,m ^S,n)| ®S,n] ; 

I'p(Sn) (^S,n) IE [rp(Sp,2, bpni 'yp,n} \ ®5,n] ; 

where the expeetation is with respeet to (sp,n,&p,n,7p,n,?/s,n,ap,n), so that we ean rewrite 

7 

gi^Sn, (Xs,n) ^ ^ lP(|/S,n f) ^ ^ (^n(,Qp')dp(lp,ny C?P,n) Qp')9iP‘S,n^ 1; f bs,n) 

i=l qp 

7 

^ ^ IP( 2 / 5 , n ^ ^ /^ni,Qp) (1 dp(lp,ny dp^riy Qp')^9iflS,ny 0, i, *hn) ^S,n) • C^S) 

i=l qp 

and 


(73) 

(74) 


rp(Sn, Cbs,n) — /3niqp)dp{tp,n, dp^ny 7p)E [rp(fp,n, <7p,n, QPy bp^ny lP,ny 1, aS,n)] 

Qp 

+ /3n(7p)(l — dp{tp,ny dp^ny <?p))IE [rp(fp_„, dp^ny QPy bp^ny lP,ny 0, as,n)] , (76) 

Qp 


where the expeetation is with respeet to the realization of bp^n and 7p,n, whieh are i.i.d. over 
time. 

From Theorem ^ we ean thus express as 

, N-l 


= lim inf E 


N^OO 


N 


^ ^ 9i.^ny 


n=0 


(77) 


and the PU reward as 


Rp(/i5, = lim inf E 

^ ^ N^oo 


I ^-1 

f’p(Sn, as,y 

n=0 


(78) 


where the expeetation is with respeet to as,n, generated aeeording to poliey psi^n), and to the 
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State sequence {s„} induced by ns- 

In the special case where takes values from a finite set s„ takes values from a finite 
set. Thus, assuming the SU access policy ns induces an irreducible Markov chain > 0}, 

and letting 7r^g(s„) be its steady-state distribution under the SU access policy /xg, the average 
long-term SU throughput and PU reward can be rewritten as 


= ^7r^s(s)[/^5(s)c/(s,l) + (1-/xs(s))c/(s,0)], (79) 

S 

Rp(/^s,Af^^) = ^7r^s(s)[/x<j(s)fp(s, 1) + (1 -/xs(s))fp(s,0)]. (80) 


The optimization problem P3 in (54) can then be solved efficiently using dynamic program¬ 
ming tools, such as policy iteration 0. 


VII. Numerical Results 


We now present some numerical results. We consider Rayleigh fading channels with average 
SNR 7 s, 7 ps, 7 p and 7 sp. For a given set of average SNR parameters, the transmission rate 
for the PU system, Rp, is chosen so as to maximize the primary throughput when the SU is 
idle. Similarly, the transmission rate for the SU system, Rg, is chosen so as to maximize the 
secondary throughput when the PU is idle. Such choice of Rg is driven by the fact that IC of 
the PU packet is potentially enabled by the CD protocol, hence the SU may benefit from a clean 
channel between its transmitter-receiver pair. The primary ARQ deadline is set to /(max = 5, and 
the delay deadline to //max = 5. The PU is assumed to be backlogged, and it always transmits 
(/xp(sp) = l,Vsp). The performance metric considered for the PU pair is the throughput, i.e., 
rp(sp, 6p, 7 p, Op, 05) = apxijp G rp(as)). The maximum throughput achieved by the PU 
pair when the SU is idle is thus denoted as /p,max = X (Tp ^ Tp(0)). 

We consider the following policies in addition to "chain decoding": "FIC/BIC", which employs 


both FIC and BIC, but does not use the CD mechanism (see [13|); "FIC only", which employs 
only FIC, i.e., once the current PU packet is decoded by SUrx, its knowledge is exploited in 
the following primary ARQ retransmissions to perform IC at SUrx, see "no FIC/BIC", 
which employs neither BIC nor FIC. In this case, the SU packet is decoded by leveraging the 


^This happens, for instance, if = Qmax with probability 1, so that qp^n = Qmax,Vn and the data queue is saturated; in 
this case, PRqp) = x{<Ip = Q max)- 
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PU codebook structure [23|, [24|; however, possible knowledge of the PU packet gained during 
the deeoding operation is only used in the slot where the PU packet is aequired, whereas it is 
negleeted in past/future slots. 

We point out that the CD protocol, by allowing the SU to intelligently perform seleetive 
retransmissions of SU data packets, best exploits the primary ARQ proeess, among all the 
sehemes with fixed transmission rate and power and no cooperation between PU and SU. Henee, 
it represents the optimal seheme for the system considered in this paper. 

In Fig. we plot the SU throughput given by (791 versus the SNR ratio %s/7s, where % = 5. 
For seleeted values of the SNR ratio, we plot also the results of Monte Carlo simulations over 
100000 slots, based on the real (not virtual) system. In this regard, we notiee a good match 


between the simulation eurve and the throughput eurve (79) based on the virtual system, despite 
the finite time-horizon of the simulation. 

We notice that, when = 0, the upper bound, eorresponding to the ease where the current 
PU packet is known a priori by SUrx, is aehieved with equality by all meehanisms, sinee 
the SU operates under no interference from the PU. The upper bound is approached also for 
7ps 3> %, eorresponding to a strong interferenee regime where, with high probability, SUrx 
ean sueeessfully deeode the PU paeket, remove its interferenee from the reeeived signal, and 
then attempt to decode the SU paeket. The worst performance is attained when ~ %/2 
('^ps ~ jg for "no FIC/BIC"), since the interference from the PU is neither weak enough to be 
simply treated as noise, nor strong enough to be sueeessfully deeoded and then removed. We 
observe that, for 'jpg < 0.2%, "no FIC/BIC" is suffieient to aehieve optimality. This is beeause 
the signal from PUtx to SUrx is very weak, hence, with high probability, Rp > C{'ypg), so that 
a sueeessful deeoding operation of the eurrent PU packet by SUrx is unlikely to oceur (even 
if the SU remains idle), hence the CD graph does not build up. On the other hand, "FIC/BIC" 
is suffieient to achieve optimality in the regime jpg > 2%. This is because the signal from 
PUtx to SUrx is strong, henee, with high probability, the PU packet is deeoded before the ARQ 
retransmission window terminates, thus enabling the decoding of the buffered SU paekets via 
BIC. Therefore, the CD graph does not build up over subsequent primary ARQ eyeles. Instead, 
a throughput improvement of the CD protoeol over the other meehanisms ean be notieed in the 
range jpg G (0.2%, 2%), with a throughput gain of ~I0% with respeet to "FIC/BIC" and ~25% 
with respeet to "FIC only". Even though these throughput gains may seem modest, they represent 
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the maximum improvement that ean be aehieved by any seheme under our assumptions, showing 
that CD is able to eompletely elose the gap between the previous sehemes and optimality, and 
is therefore the ultimate seheme. 

In Fig. 1^ we plot the SU throughput versus the SNR ratio 7 sp/ 7 p, where 7 ^ = 5. Note that, 
for 7 sp/ 7 p < 0.5, the SU throughput inereases. In faet, in this regime the aetivity of the SU 
eauses little harm to the PU, and the eonstraint on the PU throughput loss is inaetive. The SU 
thus maximizes its own throughput. As y^p inereases from 0 to 0 . 57 p, the aetivity of the SU 
induees more frequent primary ARQ retransmissions (still within the eonstraint imposed), henee 
there are more IC opportunities available and the SU throughput augments. On the other hand, as 
7 sp grows beyond 0 . 57 p, the eonstraint on the PU throughput loss beeomes aetive, SU aeeesses 
beeome more and more harmful to the PU and take plaee more and more sparingly, henee the 
SU throughput degrades. As in the previous figure, we notiee a good mateh between Monte 
Carlo simulations and the numerieal throughput eurve, and a throughput benefit of CD over the 
other meehanisms, ~20% with respeet to "FIC/BIC" and ~30% for small y^p. 

VIII. Conclusions 

We have studied the problem of seeondary aeeess in a eognitive radio network, where the 
primary user pair employs Type-I Hybrid ARQ. We have proposed a CD protoeol, sueh that 
the SU reeeiver (SUrx) buffers the seeondary signals that are not sueeessfully deeoded, and 
seleetively performs retransmissions of previously failed transmission attempts. In faet primary 
(due to ARQ) and seeondary (aeeording to the rules of the CD protoeol) retransmissions introduee 
temporal redundaney in the ehannel, whieh ean be exploited for interferenee eaneellation at the 
SU reeeiver. We have shown that the CD protoeol is defined by four simple rules, whieh enable a 
eompaet state representation of the protoeol and its effieient numerieal optimization. Finally, we 
have shown numerieally the throughput benefits of CD, with respeet to other strategies proposed 
in the literature. 


Appendix A 

Lemma 1 . Let tp^Q = 0 in slot 0 (no aetive retransmission session). Then, {ap^n-i, tp,n-, dp^n, lp,n-i) 
is a funetion of yp~Q^. 
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Proof: The proof is by induction, with the help of Secs. II-A5 and II-A7 Assume that 
{ap,k,tp,k+i:dp^k+ijp,k) is a function of j/pQ (induction hypothesis). This is true for k = 0, 
since: 


• yp,o = 0 implies ap^ = 0, Ip^ = Op, hence tp^i = dp^i = 0 (i.e., no transmission performed 
and no existing active session in slot 0); 

• ypfi = ACK implies ap^ = 1, Ipfl = Op, fp^ = 0 and dpi = 0, since the transmission is 
successful and the session ends; 

• ypfi = NACK implies ap^ = 1, Ip^ = Op, fp^ = 1 and dp^i = 1, since a retransmission 
needs to be performed in the next slot. 


For /c > 0, we show that the induction hypothesis implies that (ap,fc+i, fp,fc+ 2 , dp^k+ 2 , lp,k+i) is a 
function of yp~^Q^, thus proving the lemma. We have that op^k+i = o'{tp,k+i, dp^k+i,yp,k+i) from 
(|4), so that op^k+i is a function of y^Q^. Therefore, given y’pQ^, we have the following: 


ap,k+i = x{yp,k+i e {ACK,NACK}), (81) 

since yp,k+i = 0 if and only if the PU remains idle in slot k + 1; from Q and ([^, 

tp,k+2 = (1 — op_fc+i)(fp,fc+i + ap,k+i), (82) 

dp,k+2 = (1 — op,fc+i) [dp,A:+i + x{tp,k+^ > 0) + x{tp,k+i — 0)®P,fc-|-l] ) (83) 


so that tp^k +2 and dp^k +2 are functions of |/p{)^; finally, /p,fc+i = {k + l)p if ap^k+i = 0, and 
/p,fc+i = {k + 1 — dp^k+i)p if ap,fc+i = 1- The induction step and the lemma are thus proved. ■ 


Appendix B 
Proof of Theorem [T] 

Proof: Let Ap = {ap^n-,n > 0} and As = {as,mn > 0} be a realization of the PU and 
SU access sequences; Cp = {/p,n,ri > 0} and Cs = { 13 , 71 ,^ > 0} be a realization of the PU 
and SU label sequences; 3^5 = {ys^n,n > 0} be the SNR region sequence, where ys,n = i 
if and only if 7 s(n) G Tp^p In the following proof, we keep {Ap, As, Cp^ys) fixed and we 
vary only the SU labeling sequence £ 5 . Therefore, we express the dependence on Cs only. Let 
^s,n((s;£s) £ (0,1}, (5 > 0 be the decoding outcome for the SU packets at SUrx under Cs, 
i.e., Ks,n{ls', £ 5 ) = 1 if (s has been successfully decoded by SUrx before and not including slot 
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n, and K,s,n{ls] '^s) = 0 otherwise. Similarly, let Kp^nilp] '^s) ^ {0, 1 }, Ip >0p be the decoding 
outcome for the PU packets at SUrx under Cs, i.e., Kp^n{lp]C,s) = 1 if /p has been successfully 
decoded by SUrx before and not including slot n, and Kp^n{lp'i C,s) = 0 otherwise. Note that 
'^s') and Kp^ni-'.^s) are univocally determined by (^p, ^ 5 , £p, £ 5 , 3 ^ 5 ), by applying 
recursively CD. With this definition, ~ ^s,nils'-, £s)) is the number of SU 

packets successfully decoded in slot n, as a consequence of a direct decoding operation or via 
CD. 

We define the sample average secondary throughput up to slot N under the sequence Z as 

^ 00 

Ts,n{^s) = ^ '^2 '^s,n{Is'-, -^s), ( 84 ) 

is=o 

and the expected PU reward up to slot N under the sequence Z as 

1 

= nY1 E [rp(sp_„, bp^ni 'Jpin), ap^n, o,s,n) \ Ap, ^ 5 , £p, 3 ^ 5 ], (85) 

n=0 

where the expectation is computed with respect to 7 p(n) given (Ap, As, £p, 3 ^ 5 ), and we have 
used the fact that rp(sp, 6p, 7p, ap, ap) is independent of the SU label Is, so that Rp^at is 
independent of £ 5 . 

We now solve the following optimization problem: 

£5 = argmaxT5,Ar(£5), (86) 

for a given (^p, ^ 5 , £p, 3^^). Note that this optimization problem does not affect the PU reward 
Rp TV, since the latter is independent of £ 5 , given {Ap, As, £p, 3^s). Moreover, £^ is the optimal 
offline labeling scheme, which assumes that the sequence (^p, ^ 5 , £p, 3^s') is known non- 
causally at SUtx. Indeed, in the following proof, we will show that, when N ^ 00 , C*g is 
defined by the CD rules, and can be implemented causally, i.e., it does not require non-causal 
knowledge of (^p, As, Cp, 3^s). 

Note that, if ap^n = 0 or as,n = 0, then PUtx or SUtx are idle, respectively; from the 
perspective of decoding the PU and SU packets at SUrx and initiating CD, the same outcome 

can be obtained in a new system where both PUtx and SUtx transmit, but the channel gain to 

SUrx is in a different region. For instance, if ap^n = 1, as,n = 0, ys,n ^ {1,3,6, 7}, then the 
current PU packet is decoded by SUrx; the same outcome is obtained in another system where 
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both PUtx and SUtx transmit (ap^„ = as,n = 1) but ys,n = 3, so that the current PU packet is 
decoded by treating the SU packet as noise, but the SU packet cannot be decoded. Thus, we can 
add transmissions at the PU and SU that are not adding any positive SU throughput, by proper 
mapping of the channel gains. This is formalized in the following lemma. 


Lemma 2. For a given sequence {Ap, As, Cp, Cs, 3^s), there exists a sequence {Ap, As, Cp, Cs, 
achieving the same SU throughput as {Ap, As, Cp, Cs,ys), where both the PU and the SU 
always transmit. For such sequence, dp^n = ds,n = 1, Vn, and ys, and Cs are univocally 
defined as follows: 

• If (Xp^n ^S,n then ys^n Vs,11, ^P,n ^P,n, ^S,n ^S,n, 

• If Clp^n Ij (Xs^n 0, ys,n ^ {1; 3, 6 , 7}, then ys,n 3, Ip^n lp,n, ls,n xis, 

• If (Xp^ji 1, (Xs^n 0, ys,n ^ {2, 4, 5]”, then ys,n 4, Ip^n lp,n, ls,n xis, 

• If (Xpn 0, (Xs^n Ij ys,n ^ "{I 5 2, 5, 7]”, then ys,n 2, Ip^n ^P,n— 1 , ^S,n ^S,n, 

• If (Xp^ji 0, (Xs,n Ij yS,n ^ {3,4,6}, then ys,n 4, Ip^n Ip^n—l, ls,n ls,n, 

• If (Xp^n 0, (Xs^n 0, then ys,n 4, Ip^n lp,n—l, ls,n Xls- D 


We can thus exploit Lemmaj^and proceed as follows: (1) given a sequence {Ap, ^ 5 , Cp, Cs, 3^s), 
we define {Ap, As,Cp, Cs, ys) as per Lemma ^ which preserves the SU throughput; (2) Given 


{Ap,As,Cp,Cs,ys), we then solve the optimization problem ( 86 ) to determine the optimal 
labeling sequence C^; (3) Given the optimal labeling sequence £ 5 , we then define the optimal 
labeling sequence Cg for the original sequence {Ap, As, Cp,ys) as 


= ls,n, if «S,n = 1, 
^*S,n = '^S, if (Xs,n = 0. 


(87) 

( 88 ) 


Notice that C*g generated with this approach is indeed the optimal labeling sequence solving the 


optimization problem (86) under the original sequence {Ap,As,Cp,ys)- This can be seen by 
contradiction: if there exists Cs such that Ts^n{Cs) > Ts^N{C*g), then we can define via Lemmaj^ 
a sequence {Ap, ^ 5 , Cp, Cs, 3 ^ 5 ) achieving the SU throughput Ts^n{Cs)', it follows that a higher 
SU throughput is achieved under {Ap, As, Cp, Cs,ys) than under {Ap, As, Cp, C*g,ys), thus 
contradicting the optimality of the labeling sequence Cy, necessarily, C*g is optimal for the 
original sequence. 
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It thus remains to determine the optimal labeling sequenee jC*g for a given {Ap, As, jCp,ys) 
with the property that dp^n = ds,n = l,Vn. Throughout the following proof, we thus make the 
following assumption. 

Assumption 1. The sequenee {Ap,As,jCp,Cs,ys) is sueh that 


CLp^n IjVri. 


(89) 

□ 


We proeeed as follows. First, in Theorem]^ we determine an upper bound to Ts,n{^s), whieh 
is independent of Cs (but does depend on (£p,3^s)) and holds for any SU labeling sequenee 
Cs- Then, in Theorem ^ we determine a lower bound to the throughput obtained 

under the labeling sequenee generated aeeording to the CD rules. Finally, we show that 

the lower bound, determined via the CD rules, eonverges to the upper bound for N ^ oo, thus 
proving the optimality of the CD rules. Note that {Ks^Nih] N > 0} is a non-deereasing 
and bounded sequenee, therefore its limit, denoted as K,g{ls; Cs) = limAr^oo Cs), exists 

and Kg{ls', Cs) = 1 if and only if Is is deeoded under the sequenee Cs- 
The following results are derived for a sequenee satisfying Assumption We ean map baek to 
the original sequenee where ap^n, as,n ^ {0,1} using the following proeedure, whieh is obtained 
by inspeeting all the different eases arising in Lemma 


Procedure 1. The general ease where as,n G {0,1} and ap^n G {0,1} is obtained by replaeing: 

• x{ys,n = 1) with ap^nas,nX{ys,n = 1); 

• xiys,n = 2) with as,nX{ys,n = 2) + (1 - ap^n)as,nXiys,n e {1, 5, 7}); 

• x{ys,n = 3) with ap^nX{ys,n = 3) + ap,„(l - as,n)x{ys,n e {1, 6, 7}); 

• x{ys,n = 4) with x{ys,n = 4) + (1 - as,n)x{ys,n e {2, 5}) + (1 - ap^n)x{ys,n e {3, 6}) + 
(1 — ap_„)(l — as,n)x{ys,n £ {1, 7}); 

• x{ys,n = i) with ap^nas,nXiys,n = i), for i e {5, 6, 7}. □ 


We use the following definitions: 

• Let up^n e {0,1} be the state variable denoting the beginning of a new PU ARQ eyele, 
i.e., Mp,„ = 1 if a new PU transmission oeeurs in slot n, and up^n = 0 otherwise; we let 
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Up = [up^riin > 0} be a realization of this process; 

• Let h'p{j)-i j > 0 be the slot index corresponding to the beginning of the jth primary ARQ 

cycle; mathematically, z/p(0) = 0 and, for j > 0, 1'pij) = min{n : up^n = l,n > z/p(j — 1)}; 
note that, owing to the labeling scheme employed by the PU pair, Vz/p(j) < 

n < iyp{j + 1); 

• Let Jp{n),n > 0, be the index of the primary ARQ cycle slot n belongs to; mathematically, 
Jp{n) = j if and only if h'p{j) <n< up{j + 1). 

In the next theorem, we upper bound Ts^Ni^s)- We show that the upper and lower bounds are 
composed of three components. The first component, is the genie-aided SU throughput, 

obtained by assuming that the PU packets are known in advance and their interference can be 


removed. The second term (92) is a throughput degradation term which accounts for the fact that 
the PU packet cannot be decoded by SUrx within its retransmission cycle, even in the genie-aided 
case where the interference from SUtx is removed; thus, those SU packets with ys^n G {5, 7}, 
which are decodable in the genie-aided case and are counted in the genie-aided throughput 
^s^pO+i)’ be decoded due to the impossibility to remove the interference from PUtx. 

The third term ( [9^ is a throughput degradation term which accounts for the retransmission of 
the root of the CD graph, rather than transmitting new data packets. 


Theorem 5. For a given {Up, ys), WN > 0, 


Ts,n{^s) < 


Op{Jp{N - 1) + l)^(np) 

-L ( 


N 


Spp{Jp{N-l)+l) 


, V£5, 


where we have defined, for j > 0, 


(90) 


rp{up) _ rp{GA) 


+ 1) 

1 

^P{j + 1 ) 


Sppij+l) S,up{j+l) 

j vp{k+l)-l 

^ [l - f^f'^\i^p{k)) e {5, 7}) 

k=0 n=up(k) 

j / t^p(A;+l)-l \ up{k-\-l)-l 

EL- n x{ys,n ^ 7) j Yl x(ys,n e {2,4, 5, 7}). 

/c=0 \ n=up{k) J n=up{k) 


(91) 

(92) 

(93) 
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Above, 

Up{j + 1)-1 

^ xfc»€ { 1 . 2 . 5 . 7 }) (94) 

is the genie-aided (GA) throughput up to slot up^j + 1) at SUrx, assuming SUrx knows the PU 
packet in advance and thus removes its interference, and 

vp{k+l)-l 

Kf^\up{k)) = 1 - Yl x{ys,n e {2,4,5}) (95) 

n=up(k) 


is the genie-aided (GA) decoding outcome at SUrx for the PU packet Ip^n = ^p{k) transmitted 
in slots i'p{k) < n < z/p(fc + 1), assuming that the SUpackets are known in advance and thus 
their interference can be removed. 


Proof: See Appendix ■ 

In the seeond part of the proof, we lower bound T 5 where is defined via the 

CD rules. We have the following theorem. 


Theorem 6. For a given (Wp,3^s), let the label sequence be generated according to the 

CD rules. Then, \/N, we have 




up(J_(N) + 1)-(tjp) 

JY ^Spp(l(N)+l) 


(96) 


where 


J(n) = max{A; : n > up(k + 1) fl Qa: = 1} U { — 1}, (97) 

and we have defined Qk G (0,1} referred to the kth ARQ cycle as 

Qfc = X (3 up{k) < mi < m 2 < up{k + 1) : ys,mi e (1, 3}, ys,m2 ^ (1, 2, 5, 7}). (98) 

Proof: See Appendix ■ 

Jfn) is the index of the last ARQ eyele, finishing before slot n, with the following properties: 
there exist two slots mi and m 2 in the fcth ARQ eyele sueh that ys,mi € {1)3}, so that the 
PU paeket is sueeessfully deeoded in slot mi and its interferenee ean be removed. Moreover, 
Vs,m 2 £ {1) 2, 5, 7}. Sinee the PU paeket is known by SUrx in slots mi < n < up{k + 1), the 
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root of the CD graph is transmitted aeeording to CD rule R3, until it is deeoded sueeessfully, 
whieh is guaranteed by the eondition ys,m 2 ^ {15 2,5,7}. Therefore, = 1 guarantees that 
the CD potential of the CD graph is fully released by the end of the fcth ARQ eyele. However, 
note that Qfc = 1 is a suffieient, but not neeessary, eondition for the release of the CD potential, 
henee the lower bound may be loose for general N. 

By eombining Theorems and and generating the labeling sequenee aeeording to the CD 
rules, we obtain 


Ml{N) + 1) 
N 


rp{up) , rp 

S,up{J{N)+l) — ■^S,N 


(£(cd)) ^ lypjJpjN - 1) + l) y(np) 


N 


S,up{Jp{N-l)+l)- 


(99) 


Notiee that, under the assumption that the PU starts a new ARQ eyele infinitely often (so that 
up{J(N — 1) + 1) = infinitely often when N —)■ oo), and that the eondition = 1 oeeurs 
infinitely often (so that h'p{J_{N) + 1) = N infinitely often when N —)■ cx)), we obtain the limits 


■^p(j(jv -1) +1) ^ Mim +1) 

N^oo N N^oo N 


1 , 


( 100 ) 


and 


lim f 




= lim 


N^oo 


A ^(“p) 

S,up{J{N-l)+l) -^8,00- 


( 101 ) 


Letting —)■ oo in (99), we thus obtain 


lim = (102) 

J—>CXD ’ 

SO that the label sequenee eonverges to the upper bound, and is thus optimal. Theorem 

is thus proved. ■ 


Appendix C 
Proof of Theorem [5] 

Proof: Sinee £ 5 ), n > 0} is a non-deereasing sequenee, and N < iyp{Jp{N — 

1 ) + 1 ), we have 

OO OO 

i^s,upiJp(N-i)+i){h] -^s), ( 103 ) 

C=o C=o 
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and therefore, from (84), 


In the following, we prove that 

< Ttp(.+i)> > 0, 


(104) 


(105) 


whieh proves the theorem. In faet, using the inequality (105) in (104) with j = Jp{N — 1), we 


obtain the inequality ( |90| ) in the statement of the theorem, so that (104) and ( 105| ) imply 
Therefore, in the following we prove the inequality ( 105[ ) for a generie J > 0. Sinee we 
eonsider fixed j > 0 and £ 5 , in the following analysis we drop the dependenee on i/p{j + 1 ) 
and on £ 5 . 


A. Necessary condition for the decodability of the PU packets 

We first determine a neeessary eondition for the deeodability of the PU paekets by SUrx. Let 
k < j and eonsider the PU paeket Ip^n = ^p{k) transmitted by PUtx in slots i'p{k) < n < 
i'p{k + 1 ). Ip^n = cannot be deeoded if 

Ap,k = ys,n e {2,4, 5}, ^op{k) <n< vp{k + 1) (106) 

holds true. This event is independent of £5. In faet, if Ap^ holds true, the ehannel eonditions 
are sueh that the PU paeket Pp(fc) eannot be deeoded even in the genie-aided ease where the 
interferenee from SUtx is known and is removed. Therefore, 


Ap^k ^ Kp(pp(A;)) = 0, 


(107) 


yielding the inequality 


Kp{yp{k)) < 1 - x{Apk) = Kf'^\iyp{k)), 


(108) 


where K^p^\i'p{k)) is the genie-aided (GA) deeoding outeome for the PU paekets at SUrx, 


whieh ean be explieitly written as in (95) 
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B. Necessary condition for the decodability of the SU packets 

We now analyze the deeodability of the SU packets at SUrx. Let 

= {n < iyp{j + 1) : ls,n = ^ 5 } (109) 

be the set of slots where Is is transmitted. Then, Is cannot be decoded within the first i/p{j + 1) 
slots if, for all n G ffils), either of the following events occur: 

• «^p((p,n) = 0 and ys,n ^ {1, 2}, i.e., the PU packet transmitted in slot n cannot be decoded 
by slot iyp{j +1), its interference cannot be removed, and Is cannot be decoded jointly with 
Ip^n, nor by treating Ip^n as noise. 

• «^p((p,n) = 1 and ys,n G (1,2, 5, 7}, i.e., the PU packet transmitted in slot n can be decoded 
by slot i/p(j + 1), its interference can be removed, but the direct link 7 s(n) is too weak to 
make Is decodable, even after removing the interference from Ip^n- 

Mathematically, 


[(1 - rpXlp^n))x{yS,n ^ { 1 , 2 }) 

+ Kp{lp^n)x{ys,n ^ (1,2,5, 7})] = l,Vn e Af{ls) 

^ fusils) = 0, (110) 

or equivalently 

« 5 (( 5 ) = 1 ( 111 ) 

3n eAf{ls) ■ [x{ys,n £ {1,2}) + l^p{lp,n)x{ys,n £ {5,7})] = 1. 


Letting 


Tsih) = {ne f/{ls) : [xiys,n e {l, 2}) + Kp{op{k))xiys,n e {5, 7})] = 1} , 


( 112 ) 


we can rewrite the logical relationship (111|) as 


fusils) = 1 ^ \^s{ls)\ > 0, 
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SO that |'r 5 (/ 5 )| > 0 is a necessary condition for the decodability of Is by SUrx. We thus obtain 
the inequality 


K-sils) < x(ks(^s)| > 0). 


(113) 


Note that ts{Is) represents the set of slots where Is can possibly be decoded; outside of this set, 
e.g., in slot n G Afils) \ Tsils), h cannot be decoded due either to the fact that Ip^n cannot be 
decoded by SUrx (Kp{lp^n) = 0) and ys,n ^ {1,2}, or to the fact that Ip^n can be decoded by SUrx 
(Kp{lp^n) = 1), its interference can be removed from the received signal, but ys,n ^ {1, 2, 5, 7}. 
In particular, if ts{Is) = 0, then the SU packet Is cannot be decoded successfully by SUrx and 
Ks(/s) = 0. 


We can further bound (113) as follows. Let 


r, 


= \nef^{ls ): x{ys,n e {i,2}) + Kf^\up{k))x{ys,n e {5,7}) 


= 1 


(114) 


obtained by replacing the decodability of the PU packet iyp{k), Kp{iyp{k)), with the genie-aided 
decodability ti'p'^\vp{k)). Using (108), we have that 


Ts{ls) C Tf^\ls), 


(115) 


and thus, using (113), 


< x(ks((5)| > 0) < > 0). 

Let, for each slot z/p(/c) <n< i/p{k + 1), 

os,n = x{ys,n e (1, 2}) -f Kf'^\iyp{k))x{ys,n € (5, 7}). 


(116) 


(117) 


Then, we can rewrite 


r, 


(GA)n \ - 


(Is) = {n e Af{ls) ■ os,n = 1} 


and I = E 


n&N(ls) 


os,n, SO that 


(118) 


< X j '^2 > 0 j < '^2 

^nejVUs) ) n£jV{ls) 


(119) 
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C. Analysis of the upper bound on the throughput 

Let k < 3 and consider the PU packet Ip^n = ^p{k) transmitted by PUtx in slots up{k) < 
n < up{k + 1). Consider the condition 


Bp,k = {ys,n £ {2,4, 5, 7}, \/vp{k) < n < i'p{k + 1) n , 


( 120 ) 


where Ap^k denotes the complement of the event Ap^k- Note that the condition (120) excludes the 


genie-aided condition for non-decodability, Ap^^, so that Ip^n = ^p{k) may indeed be decoded in 
the genie-aided case, if Bp^k holds. In fact, Bp^k implies the existence of n such that ys,n = 7, 
so that, in principle, Ip^n can be decoded after removing the interference from the SU packet 

h,n- 

Let 


= {^pik) <n< up{k + 1) : ys,n = 7 D Bp^k} (121) 


be the set of slots in the fcth ARQ window such that Bpk holds and ys,n = 7. Therefore, 
lp,n = ^p{k) can only be decoded by removing the interference from ls,n, for some n G A/p fc. 
Equivalently, in order, first such is decoded; then, its interference is removed from slot n; 
finally /p„ = up{k) is decoded without interference from the SU signal. Note that, if Bpk does 
not hold for the fcth ARQ cycle, then necessarily = 0. Finally, let 

4y) = {/p,„,VneA7f’'^} (122) 

be the set of SU packets transmitted in these slots, where C^fk'^ = 0 if the condition Bpk does 
not hold. Then, we have 


5^«s((s)= ^s{ls)+ 

< ^ ^ ^ Os,n, (123) 


where we have used the inequality (119). We now analyze the decodability of Is ^ 
Kspp{j+i){ls)- We define, for Z 5 G B^fk\ Kg’‘{ls) as the decodability of Is by restricting the 
observation interval to the set of slots { 0 , 1 ,..., up{j -f 1 ) — 1 } \ he-, ^^s^{h) = 1 if 
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Is can be decoded successfully without the signal received in slots and Kg’^{ls) = 0 

otherwise. Clearly, 

nfils) < ^s{ls), (124) 

since the decodability improves if a larger number of slots is considered in the decoding process. 
Then, we have the following cases. If 

= 0, (125) 

hence K^ih) = ^44 ^ *-hen no packets Ig G 4^^'^ can be decoded without considering 

the signals received in slots It follows that the PU packet transmitted in the /cth ARQ 

cycle, h'p{k), cannot be decoded, hence its interference cannot be removed, and therefore 

Ks{ls) = ^4lsecfp. (126) 

Note that, since n G G hence |r 5 *^"^^(/ 5 )| > l,V /5 G \ it follows 

that 

0^ >^s{h) < y) -1 ^ dn) 

On the other hand, if 

^s4ls) > 0, (128) 

it follows that there exists some Is G transmitted in slot n G such that = 

1. This SU packets can thus be decoded successfully without considering the slots in 

the decoding process. If this condition holds, then the PU packet transmitted in the kth ARQ 
cycle, i'p{k), can be decoded after removing the interference from such Is- All the SU packets 
Is G 4s *'1^®'^ 1^^ decoded after removing the interference from the PU packet i'p{k), since 

ys,n = 7, Vn G It follows that 

ns{ls) = 1, V/5 G (129) 
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and therefore 


^ ^ ^ 05 _n + «5(^5)5 (130) 


ls&4'!k’'^ h&4Y^\{Is} Zs6£^();"\{rs} "6-^(^s) 


where we have used the inequality (119), and ks{Is) = 1- Note that, for the SU paeket Is, we 


have > 1. In faet, assuming that Is is transmitted in slot n G then neeessarily 

n G Tg^^\ls), and thus ^ 0- Moreover, Tg^^\ls) \J^B,k ^ 0, sinee Is must 

be deeodable without eonsidering the slots N'B,k, henee it must satisfy the neeessary eondition 
(116) outside this set. It follows that 1 = k,s{Is) < J2n&M([s) ~ henee, substituting in 


(130), we obtain the inequality 


^S,n - 1, 




(R 7'\ 

whieh thus holds for both eases (|125|) and (|128|). In general, sinee C^k ^ 


(131) 


= 0 if the eondition 


Bp k does not hold, for eaeh 0 < A; < j we obtain the inequality 


t^siis)< Y. Y Os,n - X{Bp,k) 
neAr(is) 


^s^4T 


Finally, substituting in (123), we obtain 


(132) 


5^Ks((5)= Y ^s{ls)+ Y 


Is 




is^Uk44'’ 


- Y Y ®5,n - ^x(^p,fc) + Y Y 


''S,k 


Y Y ~ Y.4Bp,k)- 

Is n&Af{ls) k=0 




(133) 


Using the faet that T^neMUs) ^s,n = En=o ® 5 ,n, we then obtain the inequality 


y^«s((s)< Y^ os^n - y^x(-Bp,fc) 

Ig n=0 k=0 


(134) 
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The expression ([9T|) is finally obtained by expressing the condition Bp^ as 


yp(k+l) — l \ yp{k+l)-l 

x{Bp,u)=[l- n n x(l/5.ne{2,4,5,7}), (135) 

n=up{k) j n=up{k) 


and by replacing the expression (117) in (134). By dividing each side of (134) by z/p(j + 1), 


we finally obtain the inequality (105), thus proving the theorem. 


Appendix D 
Proof of Theorem 0 

Proof: Note that is a causal function of {Up^ys), according to the CD rules, i.e., 

ls,n is a function of {{up^„,, ys,7n),m = 0,1,..., n}. 

Since {Ks,n{is] > 0} is a non-decreasing sequence, and N > vp{J_{N) + 1) from 

the definition of Jjji) in ([97|), we have 


I^S,vp{l{N)+l){ls] 

ls=0 ls=0 


. r(CD)^ 
S b 


and therefore, from (96), 


^ ^p(,J(,N) + 1) 

'S 

In the following, we show that 


TsA^'-r') > 


Ts,ppUiN)M^f^'’) > Tt'liumpiy ViV > 0. 


(136) 


(137) 


(138) 


By combining (137) and (138), the inequality ([96]) then directly follows and the theorem is 


proved. In order to prove (138), we use the following lemma. 


Lemma 3. Let j > 0 and op{j) <n < i/p{j + 1). Let 


'^S,n — 'Vsi^PsiQn)iQn) 


(139) 


be the CD potential of the root of the CD graph at the beginning of slot n and 


Ms,n = KsAs', ^ 
Is 


(CD), 
S J 


(140) 
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be the number of SU paekets sueeessfully decoded up to the beginning of slot n. Then, 


n—1 


Ms,n + Vs,n — 1 — ^ X{yS,m ^ { 1 , 2 , 5 , 7 }) 


m=0 

j-1 up{k+l)-l 

“ Y1 x{ys,m e {5,7}) 

A;=0 m=up{k) 

n—1 n—1 

- n e {2,4,5}) ^ e {5,7}) 

m=up(j) m=up(j) 

j-1 / i/p(fc+l)-l \ up(k+l)-l 

-E 1 - n x{ys,m 7^ 7) I x{ys,m £ {2,4,5, 7}) 

A;=0 \ m=i'p(k) j m=up{k) 

( n—1 \ n—1 

1- n x(ys,m7^7)\ n x(ys,me{2,4,5,7}). 

m=vp{j) J m=vp{j) 

Moreover, in the special case n = iyp{j + 1), 


(141) 


rp(up) 

S,yp{j+1) 


7X7s,vp{j+i) + Vs,vp{j+i) 1 

^p{j + 1) 


(142) 

□ 


Proof: The expression (141) is obtained by using Lemma in Appendix and induction 


on n. The expression (142) is obtained by letting n = op{j + 1) and by inspection of (91) 


Using the definition of Mg^n in (140) and ( [84| ), we can rewrite 

rp Mg 

J-S,n[^S 


n 


(143) 


Therefore, using (142), (138) is equivalent to 


rp / p{CD)\ _ 

J-S,pp{J{N)+l)[^S ) - 


or equivalently. 


M. 


S,Pp(J(N)+l) 


> T, 


(up) 


Ms,pp(J(N)+l) + 'f^S,i/p(J(Af)+l) — 1 


iyp{J{N) + 1) “ S,:.p(J(7V)+l) 


MliN) + 1) 


(144) 


Vs,up(J(N)+l) < 1,VA^ > 0. 


(145) 
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Using the definition of J(iV) in (97), this is equivalent to proving that 


^s,i'p(k+i) — IjVfc ^ 0 s.t. Qk I 5 


(146) 


where Qk is defined in (98). This ean be readily shown by following the reeursions in the 
proof of Lemma in Appendix In faet, for k sueh that Qk = 1, we have that there exists 
i^p{k) < mi < m 2 < z/p(fc +1) sueh that ys,mi ^ {1, 3} and ys,m 2 ^ {1,2, 5, 7}. Without loss of 
generality, assume ys,t G {3,4, 6 },Vmi <t< m 2 . ys,mi G {1,3} guarantees that the PU paeket 


is sueeessfully deeoded in slot mi, henee Kp,mi+i(^p,mi+i) = 1- Therefore, from (172), 


Ms Ms ,mi+t T xi.ys,mi+t ^ {!) 2,5, 7})'U5^mj^_|_i, (147) 

‘VS,mi+t+l X{yS,mi+t £ { 152 , 5 , 7 }) + X{yS,mi+t ^ {3, 4, 6})'U5^mi+f 5 (148) 


for all 1 < f < pp{k + 1) — mi. Using the faet that ys,t ^ {3,4,6},Vmi <t< m 2 , we obtain 
vs,Tn 2 = Vs,rm+ 1 . Then, sinee ys,m 2 ^ {1,2, 5, 7}, we obtain us.ma+i = 1 and, for m 2 - mi < 
t < iyp{k + 1) — mi, vs,mi+t+i = 1, so that vspp{k+i) = 1- The theorem is thus proved. ■ 


Lemma 4. Let 


Appendix E 


1^5,n — '^si,Psi,Gn\ Qn) 

be the CD potential of the root of the CD graph at the beginning of slot n and 

Ms,n = Y.^sAls-.Cf^'^) 


(149) 


(150) 
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be the number of SU packets successfully decoded up to the beginning of slot n. Then, we have 
vs,o = 1, Msfl = 0 and, Vfc > 0, iyp{k) < n < i'p{k + 1), we have the recursion 

Ms,n+1 + ^3,71+1 = Ms^n + Vs,n + X{yS,n ^ {1, 2, 5, 7}) 

n—1 

- n x{ys,m e {2,4,5})x{ys,ne {1,3,5,6,7}) 

m=i'p(k) 

n—1 n—1 

+ n x(2/s,m e {2,4, 5})x(2/s,n e {1,3, 6 , 7}) ^ x{ys,m = 5) 

m=up(k) m=up{k) 

n—1 

+ n x{ys,me{2,4,5,7})x{ys,ne{i,3,6}). (I5l) 

m=up(k) 

Proof: Consider slot n within the fcth ARQ cycle, i.e., h'p{k) < n < i>p{k + 1). We have 
the following cases. 

A) PU packet Ip^n unknown fKp,n(/p,n) = Oj and disconnected from the CD graph This is true 
in slot n = vp{k), i.e., at the beginning of the k\h ARQ cycle. Therefore, according to Rl, 
the root is transmitted in slot n, ls,n = Ps{Gn), and has been transmitted in the previous slots 
up{k) < m < n. This condition holds if and only if 


ys,m e {2,4},Vr'p(A;) < m < n. 


(152) 


In fact, if ys,m ^ {1)3} for some z/p(/c) < m < n, then the PU packet is successfully decoded 
in slot m; similarly, if ys,m G {5, 6, 7} for some iyp{k) < m < n, then the PU packet becomes 
connected to the root of the CD graph. Specializing ( |151| ) to this case and using ( |152| ), we need 
to prove the recursion 


Ms,n+1 + VS.n+l — Ms^n + 'VS,n + X{yS,n ^ {1, 2}). (153) 

In fact, if ys,n ^ {1)2}, the root is successfully decoded and the full CD potential is released, 
resulting in 


Ms,n+1 — 3Ts,n + Vs^n 


(154) 


The new root of the CD graph becomes ps{Gn+i) = n + 1 (new SU packet), with CD potential 
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vs,n+i = 1, SO that 


Ms,n+1 + Vs,n+1 — Ms^n + Vs,n + 1- (155) 

Otherwise, the root of the CD graph remains unchanged, psiGn+i) = PsiGn), with CD potential 
vs,n+i = vs,n, and no SU packets are decoded, so that Ms^n+i = ^ 5 ,n- It follows that 

Ms,n+1 + '^S.n+l = Ms^n + (156) 

B) PU packet Ip^n unknown (Kp^nGp,n) =0) and connected to the root of the CD graph with 
lp,n —^ PsiGn) Therefore, according to R2, a new SU packet is transmitted in slot n, ls,n = ns- 
This condition holds if and only if 


ys,m e {2,4, 5}, Vz/p(fc) < m < n n 3i/p(fc) <m<n: ys,m = 5. (157) 


In fact, if ys^m G {1, 3}, for some z/p(/c) < m < n, then the PU packet is decoded in slot m, thus 
contradicting the hypothesis Kp,n((p,n) = 0; if ys,m ^ {6, 7}, for some i^p(fc) < m < n, then the 
PU packet becomes connected to the root of the CD graph with /p^„ o psiGn) or PsiGn) —^ (p,n, 
thus contradicting the hypothesis Ip^n —^ PsiGn)', finally, if ys,m G {2,4}, Vi/p(A:) < m < n, then 


the case (152) holds and /p„ is not connected to the root of the CD graph. 


The condition (157) implies that ys,t ^ {2, 4}, Vz/p(fc) < t < m and ys^m = 5, for some 
upik) < m < n, so that the root is transmitted in slots i^p(fc) < t < m, and the PU packet 
becomes connected to the CD graph in slot m; in the following slots m < t < n, according to 
R2, new SU packets are transmitted, so that ls,t = ts, Vm < t < n. 

Specializing (|151[) to this case and using (|157|), we need to prove the recursion 


Ms^n+l + Vs,n+1 — Ms^n + 'VS,n + XiyS,n ^ { 1 , 2 }) 

n—1 

+ x(2/5.ne{l,3,6,7}) xiys,m = 5). (158) 

m=up(k) 

We analyze all the possible cases: 

• If ys,n £ (1,3}, then /p^„ is decoded and ls,n is decoded if ys,n = 1 ; since Ip^n —^ PsiGn), 
all the SU packets transmitted in the previous slots z/p(/c) < t < n such that ys,t = 5, 
including the root, are decoded after removing the interference from the PU packet, hence 
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the full CD potential is released. We thus obtain 

n—1 

Ms,n+1 = Ms^n + Vs,n — ^ + ^ X{yS,t = 5) + X{yS,n = ^)] (159) 

t=iyp{k) 

in the next slot, the new root is psiGn+i) = n + 1, with CD potential vs,n+i = C henee 


n—1 


Ms,n+1 + Vs,n+l = Ms,n + Vs,n + = 5) + x(l/5,n = 1), (160) 

t=i/p[k) 


so that ( |158[ ) holds. 

If ys,n = 2, then only ls,n is deeoded, so that Ms,n+i = Ms,n + 1; the root and its CD 


potential remain unehanged, so that = vs,n, so that (158) holds. 

If ys,n e {4,5}, then neither Ip^n nor Is^n is deeoded, so that Ms,n+i = Mgp, the root 
of the CD graph and its CD potential remain unehanged, so that vs,n+i = vs,n, whieh is 
eonsistent with ( |158| ). 

If ys,n e {6,7}, then neither Ip^n nor ls,n is deeoded, so that Ms,n+i = Msp, however, 
ls,n beeomes the new root of the CD graph, sinee its CD potential is vs{ls,n'iQn+i) = 

E n— 

t=iPp{k) 

potential vs{psiGn)',Qn+i) = vsp, therefore, we obtain 


^ x{ys,t = 5) + vs,n = vs,n+i, as opposed to the previous root, with smaller CD 


Ms,n+1 + Vs,n+1 — Ms,n + Vs,n 

n—1 

+ X] x{ys,m = 5), (161) 

m=up (k) 


whieh is eonsistent with ( |158[ ). 

C) PU packet Ip^n unknown (Kp,n((p,n) = 0) and connected to the root of the CD graph with 
lp,n ^ Ps{Gn) Therefore, aeeording to R2, a new SU paeket is transmitted in slot n, ls,n = ns- 
This eondition holds if and only if 


ys,m e {2,4, 5, 7},Vi/p(/c) <m< nfl 3z/p(/c) <m <n: ys,m = 7. (162) 

In faet, if ys,m ^ {1, 3}, for some z/p(/c) < m < n, then the PU paeket is deeoded in slot m, thus 
eontradieting the hypothesis fi:p,n((p,n) = 0; if ys,m = 6, for some iyp{k) < m < n, then the PU 
paeket beeomes eonneeted to the root of the CD graph with ps{Gn) —^ lp,n, thus eontradieting 
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the hypothesis /p„ o ps{Qn)\ finally, if ys,m ^ {2,4,5}, Vz/p(A;) < m < n, then the previous 
oases ( |152| ) or ( |157[ ) hold. 


The oondition (162) implies that ys,t ^ {2,4}, Vz/p(/c) <t<m and ys,m G {5,7}, for some 


^p{k) < m < n, so that the root is transmitted in slots i^p(fc) < t < m, and the PU paoket 
beoomes oonneoted to the CD graph in slot m; in the following slots m < t < n, aooording to 
R2, new SU paekets are transmitted, so that ls,t = ts,yrn < t < n. If ys,m = 5, then oondition 


(162) implies that there exists also some m < m < n suoh that ys^m = 7, so that ls,rh beeomes 
the new root of the CD graph. 


Speeializing (151) to this ease and using (162), we need to prove the reoursion 


Ms,n+1 + Vs,n+1 = Ms,n + Vs,n + X{yS,n ^ (1, 2, 5, 7}) + xiVS^n € (1, 3, 6}). 


(163) 


We analyze all the possible eases: 

• If ys,n e (1, 3}, then Ip^n is deooded and ls,n is deooded if ys,n = 1 ; sinoe Ip^n •H- ps{Qn), 
the root is deeoded and its CD potential is released, so that 


Ms,n+1 = Ms,n + Vs,n + X(2/S,n = 1); 


(164) 


in the next slot, the new root is ps{Qn+i) = n + 1, with CD potential vs,n+i = 1, henoe 


Ms,n+1 + — Ms,n + Vs,n + 1 + X{yS,n — 1 ), 


(165) 


whieh is eonsistent with (163). 


If ys,n e {2,4}, then only ls,n is deooded if ys,n = 2, so that Ms,n+i = Ms,n + x{ys,n = 2); 


the root and its CD potential remain unohanged, so that = vs,n and (158) holds. 


If ys,n e {5,7}, then neither /p^„ nor ls,n is deooded, so that Ms,n+i = Ms,n, however, 
lp,n ls,n (if ys,n = 5) or /p,„ <H- ls,n (if 2/s,n = 7), SO that ls,n boeomos reaohable 
from the root of the CD graph, whose CD potential thus inoreases by one unit, yielding 
Vs,n +1 = vs,n + 1- This is eonsistent with ( 163[ ). 

If ys,n = 6, then neither Ip^n nor ls,n is deeoded, so that Ms,n+i = Ms,n', however, ls,n 
beeomes the new root of the CD graph, sinoe its CD potential is Vs{ls,n', Gn+i) = vs,n + f, as 
opposed to the previous root, with smaller CD potential vs{ps{Gn)'i Gn+i) = vs,n', therefore. 
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we obtain 


^S,n+l + — Ms,n + Vs,n + 1 , 


(166) 


which is consistent with (163) 


D) PU packet unknown (Kp^ni^p^n) = 0) and connected to the root of the CD graph with 
Ps{Qn) —)■ lp,n Therefore, according to R2, a new SU packet is transmitted in slot n, ls,n = ns- 
This condition holds if and only if 


ys,m e {2,4, 5,6, 7},Vz/p(/c) <m< nH 3i/p(fc) < m < n : ys,m = 6. 


(167) 


In fact, if ys,m G {l^S}, for some opik) < m < n, then the PU packet is decoded in slot m, 
thus contradicting the hypothesis Kp^n{lp,n) = 0; finally, if ys,m £ (2,4, 5, 7}, Vz/p(/i:) < m < n, 
then the previous cases (|152[), (|157|) or (|162[) hold. 


The condition (167) implies that ys,t £ {2,4}, Vz/p(/c) <t <m and ys^m £ (5, 6, 7}, for some 


up{k) < m < n, so that the root is transmitted in slots i'p{k) < t < m, and the PU packet 
becomes connected to the CD graph in slot m; in the following slots m < t < n, according 
to R2, new SU packets are transmitted, so that Is^t = ^s,Vm < f < n. If ys,m G {5,7}, then 


condition (167) implies that there exists also some m < fh < n such that ys,m = 6, so that 
Is^rh becomes the new root of the CD graph (in fact, it is the SU packet with the largest CD 
potential). 


Specializing (151) to this case and using (167), we need to prove the recursion 


Ms,n+1 + Vs,n+1 — Ms,n + Vs,n + X{yS,n £ {1, 2, 5, 7}). 


(168) 


We analyze all the possible cases: 

• If ys,n e {1,3}, then Ip^n is decoded and ls,n is decoded if ys^n = 1; then, the CD potential 
of Ip^n is released, vp{lp^n',Gn), so that 

T7s,n+1 = Ms,n + Vp{lp^n', Gn) + X{yS,n = 1); (169) 

note that vp{lp^n'i Gn) < vs,n — 1, since ps{Gn) lp,n and thus the root of the CD graph 
has CD potential strictly larger than that of Ip^n- After decoding the SU packets reachable 
from /p„, that portion of the graph is removed, so that the root remains unchanged but its 
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CD potential is decreased, resulting in vs,n+i = vs,n — vp{lp^ni Qn)- We obtain 


Ms,n+l + + Vs,n + X{yS,n — 1 ), 


( 170 ) 


which is consistent with (168) 


If ys,n e {2,4}, then only ls,n is decoded if ys,n = 2, so that Ms,n+i = Ms,n + x{ys,n = 2); 


the root and its CD potential remain unchanged, so that ^ 5,^+1 = vs,n and (168) holds. 


If ys,n e {5,7}, then neither Ip^n nor ls,n is decoded, so that Ms,n+i = Ms,n', however, 
lp,n ls,n (if ys,n = 5) or Ip^^ o ls,n (if 2/s,n = 7), SO that ls,n bccomcs reachable 
from the root of the CD graph, whose CD potential thus increases by one unit, yielding 


ns,n+i = vs,n + 1- This is consistent with (168). 

• If ys,n = 6 , then neither nor Is^n is decoded, so that Ms,n+i = ^s,n; h,n becomes 
the new root of the CD graph, since its CD potential equals that of the previous root, but 
h,n = rig is a more recent SU packet, therefore vs,n+i = vs,n, which is consistent with 
( fT^ . 

E) PU packet Ip^n known (K,p^n{lp,n) = 1) Therefore, according to R3, the root of the CD graph 
is transmitted in slot n, ls,n = Ps{Gn)- This condition holds if and only if 


3z/p(fc) <m <n: ys,m e (1, 3}. 


(171) 


In fact, if the above condition is not satisfied, we fall in one of the cases ( |152[ ), ( |157| ), ( |162[ ) or 
( ]167| ) analyzed before. 


Specializing (151) to this case and using (167), we need to prove the recursion 


Ms,n+l + VS,n+l — Ms,n + Vs,n + X{yS,n ^ (1, 2, 5, 7}) 


(172) 


We have the following two cases: 

• If ys,n e (1,2,5, 7}, then ls,n = Ps{Qn) can be decoded successfully after removing the 
interference from the PU packet, and thus the CD potential of the root can be released, 
resulting in 


Ms,n+l — Ms,n + Vs,n- (173) 

In the next slot, the new root of the CD graph is the new SU packet ps{Gn+i) = n + 1, 
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with CD potential vs,n+i = 1, yielding 

Ms,n+1 + = Ms^n + Vs,n + 1, (174) 

which is consistent with ( |172[ ). 

• Otherwise, ls,n = Ps{Qn) cannot be decoded successfully even after removing the interfer¬ 
ence from the PU packet, and no CD potential can be released, resulting in 


Ms,n+l — Ms,n 


(175) 


In the 

In general. 


next slot, the root of the CD graph and its CD potential remain unchanged, so that 


= vs,n, which is consistent with (172). 
for this case we have the dynamics 


Ms,n+1 = Ms,n + x{ys,n £ {1, 2 , 5, 7})vs,n, ( 1 V 6 ) 

= x{ys,n e {1,2, 5, 7}) -f x{ys,n e {3,4, 6 })n 5 ,„. (177) 


Appendix F 
Proof of Theorem [4] 

Proof: We need to prove that s„+i is independent of the past, given s„ and as^n, and that 
the expected virtual instantaneous throughput IE[ 5 '(-)] accrued in slot n is a function of s„ and 
as,n only. Therefore, let s„ and as,n be given. At the end of slot n, the SU pair overhears the 
PU feedback i/p„. The distribution of depends on Sp„ only and is independent of the past, 
as in (Hi; in turn, the distribution of the internal PU state sp^„ = (fp,n, dp„,, qp^n) is a function 
of = (scD,n, fp,n, dp,n,/9„), sincc f^niqp) = ^{qp,n = Qp)- It follows that the distribution of 
yp^n is independent of the past history, given (s„,a 5 ^„). 
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Given op^„, I3n+i can be eomputed as 

I3n+l{q) = IP(gP,n+l = q\tp,n = t, dp^n = d, I3n, Op^n = o) 

= EE P(gp,n +1 = q, qp,n = g, &P,n = b\tp,n = t, dp^n = d, fdn, Op^n = o) 

q b 

EgIP(gP,n = g|/3n) = &)p(gp,n+l = g|gP,n = g, &P,n = b, Op^ri = o) 

^ XjaE{0,l} ^i^^P,n ^|gP,n g^ ^P,n dpn d, CLp^n ®) 
xP^flpn, (^\qp,n g^ bp,n dp,fi ci) 

Eg-IP(gP.n = g|/3n) Eae{ 0 ,l} ^(^’P.n = o|gP,n = g, tp,n = t, dp^n = d, ttp^n = a) 
xP(ap,„ = a|gp,„ = g, tp,„ = t, dp,„ = d) 

Eg /^n(g) Eb Pb(&)x (g = min{g -o + b, Qm>^}) 

X [np{t, d, q)Fo{o\t, d, q, 1) + (1 - fip{t, d, q))Fo{o\t, d, q, 0)] 
Eg/^n(g)EbPs(^) [^^pit,d,q)Fo{o\t,d,q,l) + (1 -/ip(t, d, g))Po(o|t, d, g, 0)] ’ 

where, from 

Po(l|g, t, d, a) = P(op,n = l|gp,n = g, fp,„ = t, dp^n = d, ap^n = a) 

= (1 - a)xid = L>max - 1) + aF{jp e rp(a))x(g > 0) (179) 

+ a[l - P( 7 p G rp(a))]x(g > 0)x{t = -Rmax - 1) (180) 

+ a[l - P( 7 p G rp(a))]x(g > 0)x(t < i^^ax - ^)x{d = - 1) (181) 


and Po(0|g, t, d, a) = 1 - Po(l|g, t, d, a). We ean thus write f3n+i = /(fp,n, c?p,n, Pn, yp,n) for a 


proper funetion /(■), as given by (178), where, in turn, op^n is a funetion of {tp^n, dp^n-,yp,n) via 


. Therefore, jdn+i is independent of the past, given (s„,a 5 ,„). 

From (|^, ([^ and (|^, and using the faet that ap^n = x{yp,n 7^ 0), we ean write fp,n+i and 
*^p,n+i as 


fp,n+l (1 (^(bp,n^ dp^m yP,n}')idP,n F xi.yP,n 7^ 0))5 (182) 

dp,n+l = (1 ~ <P(fp,n5 dp^n, yP,n)) [dp,n + X{^P,n > 0) + x{^P,n = ^)x{yP,n 7^ 0)] , (183) 


SO that (fp,n+i, <^p,n+i) is a funetion of (tp^n,dp^n,yp,n) only. Therefore, (fp,n+i, c(p,n+i) is inde¬ 
pendent of the past, given (s„,a 5 ^„). 
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Consider the CD state ScD,n = i^n,bs,n) ^ VV. Note that there is a one-to-one mapping 
between and {k^p^\ip^n)- Therefore, given the pair {k^pn\i'P,n) is given. We have the 
following oases for {k^p^l^, tp,n+i, bs,n+i)'- if op^n = 1, so that the eurrent ARQ eyele ends and 


a new one begins in the next slot, from (611, (62) and (63) we obtain {k^p^^^, <-p,n+i, bs,n+i) = 
(0,1,0); on the other hand, if op,„ = 0, {k^p^l^ Lp^n+i-,bs,n+i) can be determined reoursively 
from dM] ), ( |62l ) and ( [63] ); we thus obtain 




(GA) ^ 
P,n +1 


(1 — Op^n) 


1- il-k 


(GA) 

P,n 


(1 - ap^nX{ys,n e {1, 3, 6, 7})) 


(184) 


^■P.n+l — Op^n + (1 ~ Op^n)t'P,n [l “ 0,P,nX{yS,n £ {1, 3, 6, 7}) + ClP,n(^S,nX{yS,n — 7)] , (185) 

n 

bs,n+l (1 C>P,n) ^1 ^p^ji-|_i^ ^ ^ Clp^rnClS,mXi.yS,m 5) 


m=i/p{k) 


(1 - Op,n) [1 - ap^nX {yS,n & {1, 3, 6, 7})] bs,n + (^ “ Clp,nas,nX{yS,n = 5) 


, (186) 


so that {kf^nh^ cp,n+i, bs,n+i) are funetions of Lp^n, bs,n), ys,n, cip,n, cis,n, and op,„. Sinoe 

{k^Pn+i^ ^P,n+i,bs,n+i) Can be mapped to the new CD state scD,n+i, it follows that scD,n+i is 
a funotion of (scD,n, op,n, 2/s,n, ap,n, as.n)- In turn, op,„ is a funotion of (tp^n, dp,n,yp,n) via 0; 
ys^n is i.i.d. over time; ap,„ = xiyp,n 7^ 0), and {scD,n, cis,n) is given. We eonelude that ScD,n+i 
is statistioally independent of the past, given (s„,a 5 ,„). 

Finally, the virtual instantaneous throughput g{-) and PU reward rp aoorued in slot n are statis¬ 
tioally independent of the past, given (s„, as,n)- In faot, these are funetions of (sp^„, 6p_„, 7 p„, ap^n, cis,n) 
and {as,n, cip,n,ys,n, k^Pn \ ^P,n,bs,n), respootively. As shown above, (sp^„,ap,n) are independent 
of the past, given (s„,a 5 ^„); bp^n has distribution (3^, as seen from the SU pair; {''fp,n-,ys,n) are 
i.i.d. over time; {k^pn \ cp,nibs,n) are univooally determined by s„. ■ 
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Fig. 7: Virtual CD protocol corresponding to Example ^ The portion of the graph that 
differentiates the physieal graph from the virtual one is shaded, so that the remaining portion of 
the graph eaptures the essential features of the CD protoeol. 

(a) slot 1: new ARQ cycle; PU transmits Ip, SU transmits the root Os (Rl); S has been virtually decoded; CD 
state (U, 0) 

(b) slot 2; PU transmits Ip, SU transmits a new packet 2s (R2); CD state (U, 1) 

(c) end of slot 2; CD state (U, 2) 

(d) slot 3; new ARQ cycle, Ip and 2s are dropped from the graph (R4); PU transmits 3p, SU transmits Os (Rl); 
CD state (U, 0) 

(e) slot 4; PU transmits 3p, SU transmits 4s (R2); CD state (K, 0) 

(f) slot 5: PU transmits 3p, SU transmits 5s (R2); Os virtually decoded; CD state (K,0) 

(g) end of slot 5; 5s virtually decoded; CD state (K, 0) 

(h) slot 6: new ARQ cycle; PU transmits 6p, SU transmits the root 4s (Rl); CD state (U, 0) 
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Fig. 8: SU throughput vs SNR ratio 7ps/7s- PU throughput constraint Rp,min = O.STp^max- 7s = 5, 

7sp 2, 10. 
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Fig. 9: SU throughput vs SNR ratio 7sp/7p- PU throughput constraint Rpi 

7s = %s = 5, % = 10. 
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